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Selection of Driver Nodes in Discrete-Time Complex

Networks Based on Region of Attraction

6.1 INTRODUCTION

ROA ROA

ROA n

ROA
LQ

u =−Kx
ROA

6.2
6.3

6.4
6.5

6.2 MODELING OF DISCRETE-TIME COMPLEX NETWORKSWITH SATURATED ACTUATORS
n G := (V,E)

V:= {1,2, . . . ,n} E⊆V×V
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G := (V,E) A ai j ∈
R>0∪{0} i j 0
G q ND = {N1,N2, . . . ,Nq}

Ni, i = 1,2, . . . ,q m ≤ n

G ND
Ū := {U1,U2, . . . ,Uq} Ui := {ui1,ui2, . . . ,uim} i = 1,2, ..q Ui m

Ui
Ni Ui m

Ui := [ui1,ui2, . . . ,uim]T i = 1,2, ..q

Ui
Bi

x(k +1) = Ax(k) +Bisati(Ui(k))

A ∈ Rn×n x ∈ Rn×1 Ui ∈ Rm×1

G Ui Bi ∈ Rn×m

Bi ith n
Ni i = 1,2, . . . ,q sati

sati : Rm → Rm sati(Ui) = [sati1(ui1),sati2(ui2), . . . ,satim(uim)]
sati j(ui j) = sign(ui j)min{ui j,max, |ui j|} ui j,max > 0 ∀ i = 1,2, . . . ,q j = 1,2, . . . ,m

jth Ui ∈Rm

ui j,max = 1, ∀ i = 1,2, . . . ,q and j = 1,2, . . . ,m

Remark (m = 1)
1

(6.1)

U(k) :=−Kix(k) =−(R+ BT
i PiBi)

−1BT
i PiAx(k)

R> 0 Pi > 0
DARE Q> 0

AT PiA−P−AT PiBi(R +BT
i PiBi)

−1BT
i PiA+Q = 0

(6.2) U := UL +
UH :=− 1

Φ(R+BT
i PiBi)

−1BT
i PiAx(k)− 1

Ψ(R+BT
i PiBi)

−1BT
i PiAx(k) Φ−1 +Ψ−1 = 1 Φ,Ψ> 0

Φ= 2 Ψ= 2
UL = UH = − 1

2(R + BT
i PiBi)

−1BT
i PiAx(k)

Remark
ROA LQ

U =−Kx(k)

(6.2) (6.1)
(Pi, i)

(Pi, i) = {x(k) : xT (k)Pix(k)≤ i}

86



i(> 0) (Pi, i)
(6.1)

(6.2)
(6.1)

i :=
j

�
(r j +bT

j Pib j)
2u2j,max

bT
j PiAP−1i AT Pib j

�

i = 1,2, . . . ,q; j = 1,2, . . . ,m rj jth R > 0 u j,max
jth Ui b j jth

Bi ∈ Rn×m

r j = 1 j = 1,2, . . . ,m (6.5)

(6.3), (6.5)
Bi Pi > 0 i

ROA

Remark
5.3.4

5

6.3 SELECTION OF OPTIMAL DRIVER NODES

ROA (6.1)
A ROA

(6.1)

6.3.1 Problem Setup
q

ND = {N1,N2, . . . ,Nq} Ni, i = 1,2, . . . ,q m ≤ n

ND

ND Ū := {U1,U2, . . . ,Uq} Ui := {ui1,ui2, . . . ,uim} i = 1,2, ..q
Ui m

ROA (6.2)
ND

ROA
ND (6.2)

6.3.2 Region of Attraction and Selection of Optimal Set of Driver Nodes of Discrete-TimeAnti-
Stable Networked Systems With Saturated Actuators

ROA
(6.1) A | (A)| ≥ 1
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(6.1) A

q
m ROA Ui

(6.1) Pi
DARE (6.3)

Theorem (6.1) Ui
(6.2) ROA (6.5)

ROA

Voli =
Vol(S(0,

√
i))�

det(Pi)

Vol(S(0,
√

i)) n (n≥ 3)
√

i

det(Pi) Pi

Vol(S(0,
√

i))

Vol(S(0,
�

i)) =
( i)

n
2

Γ
�n
2 +1

�

n (6.1) Γ(.)
Γ( ) =

� ∞
0 t −1e−tdt

(R( )> 0)

ROA (6.2)
ith

Largest Volume = maxi{Voli}, i = 1,2, . . . ,q

Proof: (Pi, i) =
{x(k) : xT (k)Pix(k)≤ i} (6.1)

xT (k)Pix(k) = i

ROA

Voli =
x jmax

∑ . . .∑� �� �
k=x jmin , j=1,..,n

x1(k) x2(k) . . . xn(k)� �� �

x jmin x jmax x(k) jth

x(k) = Tiy(k) Ti> 0 y(k)∈Rn

(6.8)

yT (k)T T
i PiTiy(k) = i

Ti T T
i PiTi = In×n In×n

n×n Ti = ((Mi
√

Di)
−1)T Mi
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Pi Di

Pi

x(k) = Tiy(k) x1(k) x2(k) . . . xn(k)� �� �= ( 1√
det(Pi)

)

y1(k) y2(k) . . . yn(k)� �� � (6.9)

Voli = (
1�

det(Pi)
)

y jmax

∑ . . .∑� �� �
k=y jmin , j=1,...,n

y1(k) y2(k) . . . yn(k)� �� �

(6.9) yT (k)y(k) = i y21(k) + y22(k) + . . .+ y2n(k) = i

n (n≥ 3)

Vol(S(0,
�

i)) :=
y jmax

∑ . . .∑� �� �
k=y jmin , j=1,...,n

y1(k) y2(k) . . . yn(k)� �� �

√
i

(6.11) (6.12) (6.6) (6.6) (6.7)
ROA

Voli =
( i)

n
2

�
det(Pi) Γ

�n
2 +1

�

ROA
ROA (6.2) ith

ROA 6.1

Corollary n = 2

Areai =
i�

det(Pi)

Areai > Areaj ⇐⇒ 2
j det(Pi) <

2
i det(Pj) i �= j = 1,2 ith

(6.1)

Areamax Volmax ROA n
q 6.1

Algorithm ROA
(6.1)

G := (V,E) n
q m Q> 0 R = Im×m

ROA ith

(6.1)

i = 1 : q
Bi Ui

Pi > 0 DARE (6.3)

89



i ROA (6.5)
Areai/Voli ROA (6.14) (6.13)

Areamax / Volmax
Areamax / Volmax =

i
{Areai / Voli | i = 1,2, . . . ,q}

1
i = 1 : q
Areamax = Areai Volmax = Voli
maxindex(index,1) = i

Areamax Volmax

Remark ROA ROA

6.3.3 Region of Attraction and Selection of Optimal Set of Driver Nodes of Discrete-Time Un-
stable Networked Systems With Saturated Actuators

| (A)| < 1
| (A)| ≥ 1 q

m
(6.1)

ROA

V x(k + 1) = Vz(k + 1) V
A

(6.1)

z(k +1) = Ãz(k) + B̃isati(Ui(k))

Ui ∈Rm×1; |ui j,max|= 1; i = 1,2, . . . ,q and j = 1,2, . . . ,m

Ã

Ã = V−1AV =

�
Ã1 0

0 Ã2

�

Ã1 ∈ Rl×l Ã2 ∈ R(n−l)×(n−l)

B̃i

B̃i = V−1Bi =

�
B̃1i

B̃2i

�

B̃1i ∈Rl×m B̃2i ∈R(n−l)×m n
(6.1) l
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B̃1i B̃1i = [b̃1i1, b̃
1
i2, . . . , b̃

1
im] b̃1i j jth

B̃1i
B̃2i B̃2i = [b̃2i1, b̃

2
i2, . . . , b̃

2
im] b̃2i j jth

B̃2i

(6.15)
�

z1(k +1)

z2(k +1)

�
=

�
Ã1 0

0 Ã2

��
z1(k)

z2(k)

�
+

�
B̃1i

B̃2i

�
sati(Ui(k))

(6.18)

z1(k +1) = Ã1z1(k) + B̃1isati(Ui(k))

Remark ROA
(6.19)

(6.19)

Ui(k) :=−Hz1(k)

H = (R1 + B̃T
1iP̃1iB̃1i)

−1B̃T
1iP̃1iÃ1

P̃1i> 0 DARE
(6.19)

ÃT
1 P̃1iÃ1− P̃1i− Ã1P̃1iB̃1i(R1 + B̃T

1iP̃1iB̃1i)
−1B̃T

1iP̃1iÃ1 + Q̃1 = 0

Q̃1 > 0 R1 > 0

˜1i (P̃1i, ˜1i) = {z1 : zT
1 P̃1iz1≤ ˜1i}

(6.19)

˜
1i = minj

�
(r1i + b̃1,Ti j P̃1ib̃1i j)

2u2i j,max

b̃1,Ti j P̃1iÃ1P̃−11i ÃT
1 P̃1ib̃1i j

�

b̃1i j jth B̃1i
ui j,max = 1 r1i = 1 i = 1,2, . . . ,q j =

1,2, . . . ,m

Theorem (6.19)
(6.20) ROA (6.22)

ROA (6.19)

Vol1i =
( ˜1i)

l
2

Γ
� l
2 +1

��
det(P̃1i)

det(P̃1i) P̃1i l
(6.19) Γ(.)

Γ( ) =
� ∞
0 t −1e−tdt (R( )> 0)

ROA (6.20)
ith

Largest Volume = maxi{Vol1i}, i = 1,2, . . . ,q
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Proof:
(P̃1i, ˜1i) = {z1(k) : zT

1 (k)P̃1iz1(k) ≤ ˜1i} (6.19)

zT
1 (k)P̃1iz1(k) = ˜

1i

ROA

Vol1i =

z1 jmax

∑ . . .∑� �� �
k=z1 jmin

, j=1,..,l

z11(k) z12(k) . . . z1l (k)� �� �

z1 jmin
z1 jmax

z1(k) jth

z1(k) = T̃1iy1(k) T̃1i > 0
y1(k) ∈Rl (6.24)

yT
1 (k)T̃ T

1i P̃1iT̃1iy1(k) = ˜1i

T̃1i T̃ T
1i P̃1iT̃1i = Il×l Il×l

l× l T̃1i = ((M̃1i
�

D̃1i)
−1)T M̃1i

P̃1i D̃1i
P̃1i

z1(k) = T̃1iy1(k) z11(k) z12(k) . . . z1l (k)� �� � =

( 1√
det(P̃1i)

) y11(k) y12(k) . . . y1l (k)� �� � (6.25)

Vol1i = (
1�

det(P̃1i)
)

y1 jmax

∑ . . .∑� �� �
k=y1 jmin

, j=1,...,l

y11(k) y12(k) . . . y1l (k)� �� �

(6.25) yT
1 (k)y1(k) = ˜

1i y211(k) + y212(k) + . . .+ y21l
(k) = ˜

1i

l (l ≥ 3)

Vol1(S(0,
�

˜
1i)) :=

y1 jmax

∑ . . .∑� �� �
k=y1 jmin

, j=1,...,l

y11(k) y12(k) . . . y1l (k)� �� �

�
˜
1i

(6.27) (6.28) ROA

Vol1i =
Vol1(S(0,

�
˜
1i))�

det(P̃1i)

Vol1(S(0,
�

˜1i)) l (l ≥ 3)
�

˜1i

det(P̃1i) P̃1i
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Vol1(S(0,
�

˜1i))

Vol1(S(0,
�

˜
1i)) =

( ˜
1i)

l
2

Γ
� l
2 +1

�

l (6.19) Γ(.)
Γ( ) =

� ∞
0 t −1e−tdt

(R( )> 0)

(6.29) (6.30) ROA

Vol1i =
( ˜1i)

l
2

�
det(P̃1i) Γ

� l
2 +1

�

ROA
ROA (6.20) ith

ROA 6.2

Corollary l = 2 ROA
(6.19) (6.14)

Areamax Volmax ROA
n l l < n
6.2

Algorithm ROA
(6.1)

G := (V,E) n
l q m Q̃1 > 0 R1 = Im×m

Im×m m×m
ROA ith

(6.1)

Ã (6.16)
i = 1 : q

Bi ∈ Rn×m (6.1)
B̃i (6.17)

P̃1i (6.21)
˜
1i ROA (6.22)

Areai/Voli ROA (6.14) (6.23)

Areamax / Volmax

Areamax / Volmax =
i
{Areai / Voli | i = 1,2, . . . ,q}

1
i = 1 : q
Areamax = Areai Volmax = Voli
maxindex(index,1) = i
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Areamax Volmax

Remark ROA

Remark

6.4 SIMULATION RESULTS AND DISCUSSION

Example
6.1

v1 v2
u2

1

(b)

1

2u1

1

(a)

1

2
v2v1

Figure 6.1 : Two nodes of discrete-time network with input (a) u1, and (b) u2

A =

�
0 2

1 0

�
, B1 =

�
1

0

�
, B2 =

�
0

1

�

Bi ith

A
(A) = {1.4142,−1.4142}

(A) Q = I2, R = 1 DARE (6.3)
Bi 1 = 1.5378 2 = 2.3631

(6.5) 1 2
�

det(P1) =
4.8465

�
det(P2) = 4.0335 (6.14)

0.9968 1.8405
6.1 1.8405 2

6.1
6.2

6.2

6.1

Example
6.3
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−1 −0.5 0 0.5 1 1.5

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

x
1

x 2

 

 
ROA for B

1
=[1 0]T

ROA for B
2
=[0 1]T

Figure 6.2 : Region of Attractions (ROA’s) of the discrete-time network considered in Example 6.1 for
different control input matrices Bi

Table 6.1 : Area of the ROA for different driver nodes of network considered in Example 6.1

Areai
Areamax

V1 V2

V3V4

1u1

1

1

1

2

2

2

1 1

1

22

1

Figure 6.3 : Four nodesdiscrete-timenetworkwith control input u1 and it canalso be controlled byother
individual driver node i.e. u3,& u4
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A =





0 2 1 2

2 0 1 1

1 1 0 1

2 1 2 0




; B1 =





1

0

0

0




, B3 =





0

0

1

0




, B4 =





0

0

0

1





Bi
6.3 (A) = {4.2879,−2.4210,−0.8669,−0.9999}

A
(6.18) (6.19)

Q̃1 = I2, R1 = 1 DARE (6.21) Bi
6.2

˜
11 = 1.1059 ˜

13 = 1.0406 ˜
14 = 1.0644

�
det(P̃11) = 45.0967�

det(P̃13) = 1.0266×102
�

det(P̃14) = 68.6931

6.2
6.4 6.4

3 4

ROA 6.2
0.0770 1 6.2

Table 6.2 : Area of the ROA for different driver nodes of network considered in Example 6.2

Areai
Areamax

Example
ui j,max = 1 6.5

A =





0 1 1 0 0 0 0 1

1 0 1 1 0 0 0 0

1 1 0 1 1 0 0 0

0 1 1 0 1 1 0 0

0 0 1 1 0 1 1 0

0 0 0 1 1 0 1 0

0 0 0 0 1 1 0 1

1 0 0 0 0 0 1 0





B1{1,2} =





1 0

0 1

0 0

0 0

0 0

0 0

0 0

0 0





, B2{1,4} =





1 0

0 0

0 0

0 1

0 0

0 0

0 0

0 0





,
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−0.1 −0.05 0 0.05 0.1 0.15

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

z
1

z 2

 

 
ROA for B

1
=[1 0 0 0]T

ROA for B
3
=[0 0 1 0]T

ROA for B
4
=[0 0 0 1]T

Figure 6.4 : Region of Attractions (ROA’s) of the discrete-time network considered in Example 6.2 for
different control input matrices Bi

8

4

2

1

5

3

6

7

Figure 6.5 : Network of eight nodes independently controllable with different sets of two driver nodes
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B3{1,7} =





1 0

0 0

0 0

0 0

0 0

0 0

0 1

0 0





, B4{1,8} =





1 0

0 0

0 0

0 0

0 0

0 0

0 0

0 1





, B5{2,4} =





0 0

1 0

0 0

0 1

0 0

0 0

0 0

0 0





, B6{2,6} =





0 0

1 0

0 0

0 0

0 0

0 1

0 0

0 0





,B7{2,8} =





0 0

1 0

0 0

0 0

0 0

0 0

0 0

0 1





,

B8{4,6} =





0 0

0 0

0 0

1 0

0 0

0 1

0 0

0 0





, B9{4,7} =





0 0

0 0

0 0

1 0

0 0

0 0

0 1

0 0





, B10{6,7} =





0 0

0 0

0 0

0 0

0 0

1 0

0 1

0 0





, B11{6,8} =





0 0

0 0

0 0

0 0

0 0

1 0

0 0

0 1





, B12{7,8} =





0 0

0 0

0 0

0 0

0 0

0 0

1 0

0 1





m = 2
6.5

N1 = {1,2}, N2 = {1,4}, N3 = {1,7}, N4 = {1,8}, N5 =
{2,4}, N6 = {2,6}, N7 = {2,8}, N8 = {4,6}, N9 = {4,7}, N10 = {6,7}, N11 = {6,8}, and N12 = {7,8}

Bi ∈ R8×2

B1 B12
6.5 (A) = {−2.1504,−1.7321,−1,−1,−0.4598,1.1789,1.7321,3.4314}

(A)
(A)

(6.18) (6.19) LQ
Q̃1 = I7, R1 = 1 DARE (6.21) Bi

6.3 ROA 0.1114× 10−3

N3 = {1,7}

ROA
6.3

6.5 SUMMARY

6.3 98%

98



Table 6.3 : Volume of the ROA for different set of driver nodes of network considered in Example 6.3

Voli
Volmax

Bi

N3 = {1,7} B3 0.1114×10−3

N1 = {1,2} B1 0.0126×10−3

N2 = {1,4} B2 0.0031×10−3

N4 = {1,8} B4 0.0291×10−3

N5 = {2,4} B5 0.0185×10−3

N6 = {2,6} B6 0.0323×10−3

N7 = {2,8} B7 0.0057×10−3

N8 = {4,6} B8 0.0185×10−3

N9 = {4,7} B9 0.0031×10−3

N10 = {6,7} B10 0.0126×10−3

N11 = {6,8} B11 0.0057×10−3

N12 = {7,8} B12 0.0291×10−3
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