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2D Homographic Ricker Map

4.1 INTRODUCTION

We apply the Holling type - II functional response as a growth function in the classical two
dimensional Ricker map and propose a discrete-time competition model, namely the two-dimensional
(2D) Homographic Ricker map. We investigate the non-linear behavior of the proposed model. This
includes the boundedness of the solutions, existence, and uniqueness of the coexisting fixed point.
We discuss the geometry of the 2D Homographic Ricker map with the help of critical curves and
singular points. Further, with the help of the centre manifold theorem and bifurcation theory,
we obtain the specific conditions of the existence of the flip bifurcations in the 2D Homographic
Ricker map. Finally, we employ numerical simulations to illustrate the stability and the bifurcation
analysis of the competing species.

The chapter is organized as follows: In Section 4.2, we discuss the construction of the
2D Homographic Ricker map and show the boundedness of the solutions. Section 4.3 contains
the geometry of the 2D Homographic Ricker map with the help of critical curves and singular
points. Section 4.4 discusses the existence and uniqueness of the coexisting fixed point and the local
asymptotic stability of the trivial, exclusion, and coexisting fixed points of the 2D Homographic
Ricker map. Section 4.5 explains the various conditions under which the map undergoes the flip
bifurcation. Further, we discuss the stability of the various fixed points of the considered map with
the help of their fold and flip bifurcation curves using the concept of contour lines. Section 4.6
describes the stability of the positive coexisting fixed point and the bifurcation analysis of the x
and y species using numerical simulations.

4.2 THE 2D HOMOGRAPHIC RICKER COMPETITION MODEL

A discrete-time classical two-dimensional (2D in short) competition model after n generation, with
n € N is given as

Xn+1 = P(xn)le/ilsl (xm}’n),

vl (4.1)
Ynt+1 = P(yn))’n S2(Xn,Yn),

where p(x,) and p(y,) are the per capita growth rates of the species x and y respectively and ¥ is
the cooperation or Allee’s effect parameter. Here, S (x,,y,) is the survival function of x species with
respect to y species, and S»(xy,y,) is the survival function of y species with respect to x species at
n'" generation. The mathematical expressions of the S;(x,,y,) and Sa2(x,,y,) are given as follows

Sl (Xn, )’n) = erixniay’z
SZ(xm yn) =e

S=Yn 7bxn

The parameters r,s,a,b are assumed to be positive real constants. In terms of population dynamics,
the parameters r and s represent the environment’s carrying capacity for species x and y, respectively,
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while a and b are the competition parameters. We introduce Holling type II functional response as
a per capita growth rate of both x and y species in the system (4.1), and the resulting map is given

as
Y
Xn r—x,—ay
Xn+1 = e
<xn +B ) ’

vé
Yn S—Yn—bx,
1= € )
Yn+ <yn+ )

The parameter  represents the half-saturation constant of the Holling type II functional response as
shown in Figure 4.1. The existence of a Holling type II functional response and six real parameters
make the dynamical analysis of the system (4.2) extremely complicated. Because of this, we limit
our investigation to the specific scenario where y= 1. Throughout this work, the model obtained
from Eq.(4.2) with y=1 is designated by 2D Homographic Ricker map (in short 2D Homographic
map) which is defined as

*n r—Xx,—a
Xn+1 = e,
X0+ P

Yn S—Yn—bxn
1= € )
Yn+ <yn+ >

We denote the solution of the system (4.3) by (x,,y,), n=0,1,2,3.... In population dynamics, we

(4.2)

(4.3)

b(x)

(TN

B

Figure 4.1 : Holling type Il functional response.

are interested only in the solution having the non-negative components, i.e., x, >0, y, > 0. The
Eq.(4.3) can be represented by the map

F(x7y) = (gl(xvy)ng(xay))a (44)
where g1(x,y) = F5e""* and g (x,y) = ﬁesﬂ*l’x. Let R = [0, +<0) x [0,+00) and R2\{(0,0)} =

(0,+0) x (0,+o0), then the map F takes the RZ into itself.

Lemma 4.2.1. Let F(x,y) be the 2D Homographic map then the following statements hold true:
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(i) The z-axis and y-axis are invariant sets.
(it) F(x,y) — (0,0), whenever ||(x,y)| — oo.

Proof. (i) Let x-axis and y-axis are denoted as X = {(x,0) :x >0} and ¥ = {(0,y) : y > 0} respectively.

Let ¢ = (x,0) € X then we have F(g) = (ﬁe’*x,O) e€X. Also, if F(q) € X then y =0. Therefore,

the x-axis is invariant under F. Similarly, the y-axis is also invariant.

(ii) Assume that ||(x,y)|| — e then we have either x — co or y — co. Suppose x — oo then

. . x —X— y —y—bx
lim F(x,y)= lim ( e Y~ Y ): 0,0).
)| —e0 (.7) Iy)]—e \ X+ B y+B (0.0

O]

Lemma 4.2.2. Let F(x,y) be the 2D Homographic map. Then the image of Ri under F(x,y), i.e.,
F(R%) is compact.

Proof. Let R2 = R? U{eo} be the one point compactification of R%. Let F': ]Ri — ]Rﬁ_ be the map
given as

_ F(x, x,y) € RZ,
F(X,y) — ( y) ( y) +
(0,0) (x,y) = eo.
Since,
lim F(X,y) = <070)7
[| Gey)[|—ree

hence, the map F(x,y) is continuous. We know that the continuous image of a compact set is
compact; therefore, F(R2) is compact.

For (x,y) = oo, F (o) = (0,0) and (0,0) € F(R?%) which implies F(R%) C F(R%). Hence, F(R2)
F(R%).

ol

Remark 4.2.3. We recall that a map is said to be a proper map if the inverse image of a compact
set is compact. Hence, the continuous extension F(x,y) 18 a proper map.

Let xo > 0, yo > 0 be the initial condition. The solutions (x,,y,) of the 2D Homographic map with
positive initial condition (xg,yo) are always positive. Moreover, all the solutions in Ri are forward
bounded. The specific bounds of the 2D Homographic map are obtained in the below-mentioned
proposition.

Proposition 4.2.4. Every positive solution {(xn,y,)} of the 2D Homographic map F(x,y) is
uniformly bounded.

Proof. Assume that {(x,,y,)} be any positive solution of system (4.3). The x coordinate of the map
F(xn,yn) follows:

xn)jiﬁer_x", for all n=0,1,2,... (4.5)

Xpp1 <
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Assume that xp > 0, then we have

M alln=0,1,2,...

+B B
Therefore, the inequality (4.5) is written as

X
Xpp1 < e foralln=0,1,2,...

B

‘We know that

maxxe’ ¥ = ¢! r>0,
xeR
hence
limsupx, < M,
n—oeo
erfl
where M = 5

Similarly, from the y coordinate of the map F(x,,y,) with the assumption yp > 0, we obtain

Yn
yn"‘ﬁ

Vi1 < e foralln=0,1,2,...

Since

maxye’ > = ¢!

1ax , §>0,
y

hence,

limsupy, < M,

n—yoo

where M, = e;l . Take M = max{M;,M,} and it follows that

limsup (x,,yn) < M.

n—oo

Hence, we conclude that the solutions of the system (4.3) are bounded. O

4.3 GEOMETRY OF 2D HOMOGRAPHIC MAP

In this section, we first recall some definitions from the work of Whitney [Whitney, 1955]
on the singularities of the Euclidean plane. Let f be a continuously differentiable map defined on
the open set U C R? and V be any vector in R2. For any point p € U and for any small real number
t,the p+tV €U, and f(p+1tV)— f(p) is a vector in R2. The derivative of f with respect to V at a
point p is given as

Ve () = lim - (F(p+1V) ~ F(p)). (16)

The mapping Vf(p) of vectors in R? into vectors in R? is linear. If V; and V, are the components of
vector V and we use the coordinate (x,y) and (u,v) around p and f(p) respectively, then we have

Vv f(p) = Vifi(p) +Vafy(p),
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and
VvV f(p) = Vi Vife(p) +Vafy (P)) + V2 Vife(p) + Vafy (), -

Let f be a continuously differential map defined on the open set U C R? into R?. The map f is said
to be reqular at a point p if

Vv f(p) #0, whenever V #0.

Otherwise, f is singular at p. The above definition of regular and singular points can also be given
in terms of the determinant of the Jacobian of f, i.e., det(Jf). The map f is said to be regular
at p if det(Jf(p)) # 0, and singular if det(Jf(p)) =0. The smooth curve formed by the singular
points of f is called the critical curve denoted by LC_;. We note that Mira [Mira, 1996] defined
the critical curve of a two-dimensional continuous map f as the collection of points for which the
determinant of Jacobian of f vanishes or for which the map f is not differentiable. Further, we
discuss the theory of singularities of singular points of the map f. Let ¢ () be a C? parametrization
of the critical curve LC_; through the point p with the property ¢(0) = p.

The point p is a fold point of f if

d

T(fo9) #£0 (4.7)
and p is a cusp point of f if

d 0, and L 0 4.8

C(Fo0)=0, and £(f09) 0, (48)

Remark 4.3.1. Let f: U — R? be a continuously differentiable map. If p € U is a fold point; (x,y)
and (u,v) are the coordinates around p and f(p) respectively. Then, the normal form of the fold

point is given as
2

Uu=x, v=y-.
Similarly, if p is a cusp point, then the normal form of the cusp point is

u=x and v=y> —xy.

Let us recall the equation of the 2D Homographic map F(x,y), which is given as follows

X r—x— Y —y—bx
F(x,y) = e = ,
o= (54 ™)

where r,5,a,b, B > 0. The Jacobian JF(x,y) and its determinant det(JF (x,y)) of the 2D Homographic
map F(x,y) are as follows:

((ﬁ("i?)‘f)))er—x—ay %ag el —r—ay
JF(x,y) = il N b \t R b (4.9)
(e (e
and
2 Bx(x _ —ab)xv(x e(r+s7(l+b)x7(l+a)y)
e3P = BB BB 0 bt s+ ) |
(4.10)

The det(JF (x,y)) =0 if and only if

4(B2—Bx(x+p)) 4
_ﬁ+\/ﬁ2+/37(1fab)x(x+ﬁ) B+ B+
- 2 s 2 '

Yy
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The critical curve LC_; of a 2D Homographic map is given as follows:

2_Bx(x+ 4
_ﬁ"‘\/ﬁz"‘ﬁ Bl fb)(x(xﬁ)ﬁ)) £ _ﬁ+ ﬁz"‘ l—lib

LC_; =1 (x,y) €R: :y= X 5 (4.11)

Whenever ab < 1, the critical curve LC_; have the two branches Lct | and LC? 1» which divided the
plane Ri into three regions R;, R, and R3 as shown in Figure 4.2, where

R = (x,y)ERi:y<

_ 2 4B B))
BJF\/I3 Tptantis) | BB AP
2 2

BBy B
\/ ﬁ 1ZablxtB) o d x> 1—ab 7

Ry=1 (x,y) €RY:y> 3

Ry = {RZ\(Ri UR3)}.

The critical curve LC of the 2D Homographic map F(x,y) is defined as the image of the
critical curve LC_y, i.e., LC = F(LC-;). Corresponding to the two branches LC! | and LC?, of the
LC_; curve, we have two branches LC! and LC? of the LC curve. The critical curve LC of the map
F(x,y) is shown in Figure 4.3. It shows the geometric information of the image of F(x,y) under R?.

Rs

LC?,
Ry

Y = Yasy |eessnssscsnnnssnnnnsnsnsnancnran TLLTTU T TTTY LT TP TT T T TTPYTTT TP PPLTYPYTITIY:

Lcl,

Ry

X = Xasy

Figure 4.2 : Branches LC! , and LC%1 of the critical curve LC_; of the map F(x,y), where

—B+y/ 52+1 @ —B+y/ B2+
—_—.

Xasy = —— 5 and ygey =

Lemma 4.3.2. For the 2D Homographic map F(x,y), the following statements hold true:
(i) The map F(x,y) is orientation preserving in the region R;.

(ii) The map F(x,y) is orientation reversing in the region R;.
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(iii) The map F(x,y) is orientation preserving in the region Rj3.
Proof. A map F(x,y) is said to be orientation preserving (or reversing) if its determinant of Jacobian
is positive (or negative).

(i) Let (x,y) € Ri\LC!,, then we have

B(B—x(x+B))
B—(1—ab)x(x+p)’ (4.12)

yoy+B) <

and

B+ /BB
P24,

Since 0 < ab < 1, therefore
0<(1—ab)x(x+p) <B. (4.13)
From Eq. (4.12) and Eq. (4.13), it follows that

0 < B?—Bx(x+B) — By(y+B) + (1 —ab)xy(x+B)(y+B), (4.14)

The el ts=(+0x=(+a)) and (x+ B)?*(y+ B)? are the positive quantities, hence the sign of
det(JF(x,y)) is determine by J = B2 — Bx(x+B) — By(y+ B) + (1 —ab)xy(x+ B)(y+ B). From
the inequality in Eq.(4.14), we have det(JF (x,y)) > 0. This concludes that the map F(x,y) is
orientation preserving in R;.

(ii) Let us define the three sets Ry 1, Ry and Ry 3 as follows:

—B+\/B*+ L,

BB —x(x+p))

Ry =< (x,y) ERi y(y+B) > B—(1—ab)x(x+B) and x < 5 ,
_ 2. 4B
Ry = (x,y)G]Ri:yEOandx: B+\/£Tlab ,
_ | B(B—x(r+B)) BB+
R2.3{(x,y)eRi.y(y+ﬁ)<ﬁ(1ab)x(x+ﬁ) and x > 5 )

Then the region R, = Ufi?Rzﬂ' ULC_;.
(a) Let (x,y) € Ry;. Since
By(y+B)— (1 —ab)xy(x+B)(y+B) > B(B —x(x+B)),
then from the det(JF(x,y)), we have

J = B* = Bx(x+B) — By(y+B) + (1 —ab)xy(x+B)(y+B)
< p?—Bx(x+B) — B>+ Bx(x+B)

<0.

Since J < 0, therefore det(JF(x,y)) < 0.
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(b) Let (x,y) € Ry. In this case, the Jacobian is given as

J=B*=Bx(x+B) —y(y+B)(B—(1—ab)x(x+B))
B
:ﬁz_B (1 —ab)

5[ —ab
= 0
P <1ab> =%

therefore det(JF(x,y)) < 0.

(c) Let (x,y) € Ry3. Since

B(B—x(x+p))
—(1—ab)xy(x+p)’

in the region R; 3, therefore det(JF(x,y)) <O.

yoy+B) < B

(iii) This case can be solved similarly to the other cases.

Proposition 4.3.3. Let F(x,y) be the 2D Homographic map defined by Eq.(4.3), then for all
p=(x,y) € R% either det(JF(p)) #0 or Vdet(JF(p)) #0, whenever ab # 0.

Proof. Let p = (x,y) € R?, then there are two possibilities that either p is a regular point, or p
is a singular point. If p is a regular point, then from the definition of a regular point, we have
det(JF(p)) #0. If p is a singular point, then from the definition of the singular point, we have
det(JF(p)) =0. To show Vdet(JF(p)) # 0, it is sufficient to show that (detJF).(p) # 0. Consider
the Eq.(4.10) and partially differentiating w.r.t. x, we get

elrts—(1+b)x—(1+a)y

)
(det(JF))x(p) = G BT B {[B* = Bx(x+B) = By(y+B) + (1 — ab)xy(x+B) (v + B)] (x+B)

—(B+2x)[B — (1 —ab)y(y+ B)l(x+B) —2[B> — Bx(x+B) — By(y+ B)+
(1 —ab)xy(x+B)(y+pB)I}. (4.15)

Since, p is singular hence

(B> = Bx(x+B) = By(y+B) + (1 —ab)xy(x+B)(y+B)) = 0. (4.16)
Substituting Eq.(4.16) in Eq.(4.15), we get

1ot(IF e(r-‘rs—(l-‘rb)x—(l-i—a)y) 5 . )
t x = _ _ .
(etUF))(0) = e (B +20(=B-+(1=aby(r-+ )}
Since, %, (B +2x) are the non-zero quantities, so we need to show that
B
yy+B) # (—ab)’

On the contrary, suppose that y(y+f8) = U—BTb) then from Eq.(4.16) we obtain

BZ(Iibab) =0

The above condition is satisfied only if ab = 0, which is not true. Therefore y(y+ f3) # ﬁ Hence,
for the singular point p, Vdet(JF(p)) # 0. O
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With the help of parametrization of the critical curve and the singular points, we show that all the
points in the domain of the 2D Homographic Ricker map are either regular, fold, or cusp.

Theorem 4.3.4. Let F(x,y) be the 2D Homographic map then all the points in ]Rﬁ_ are either
reqular, fold, or cusp.

Proof. Let (x,y) € R2\{LC_,}. Since det(JF(x,y)) # 0, therefore (x,y) is a regular point. Next, we
need to check the nature of points on the critical curve LC_;. Since we have LC_| = LCL1 ULC%I.
First, we examine the nature of points on LCl_l.

(i) Let the parametrization of the curve LC!, is given by the curve ¢, where ¢ : [0, ] — R? is

defined as
BB —B++/B2+ 2B
¢1(2) = 7 3

The fold points satisfy the equation below

d
“(Fo91)(0) £0.

Consider (Fo@;)(t) = (y1(t),12(t)). To show that the points on the curve LC', are fold points,
the points should satisfies ¥, (r) # 0 and 1,(r) # 0 for r € [0, B]. A direct computation gives

(M0 %(0) = (Wi (O (t), w2 ()l (1))

where
(r(mm)a(ﬁ*m))
> 2
vi(r) = - (B2=Br)
VB2 4 (B — (1—ab)t)2(B+/B2+41)% /B2 + 5 E=L
(m(m@) (ﬁ*m))
2
w(t) = B (B—B1) B\
t t
\/m(ﬂ—(l—ab)t)3 B2+ﬁ 1 ab (ﬁ+ ﬁz_'_ﬁ 1 ab;)
and,

_ (B> —p1)
hl(t)—4<([3—t)(ﬁ—(l—ab)) \/B2+Méll?)+a232b ﬁ2+4l‘>

Since y; and y, do not vanish in the interval [0, ], thus if 7,(r) and 7 (t) are equal to zero,
then A (¢) should be equal to zero. The hi(r) > 0 for all ¢ € [0, B]. Hence h;(t) do not vanish
in the interval [0, 8]. Therefore, all the points on the curve LC', are the fold points.

(ii) Now, we check the nature of points on the curve LCEl. Consider a parametrization ¢ of the
curve LC? | where ¢, : (0,1) — R? is defined as

4B((1—ab)t—1
ﬁ2+ T—ab)t ab —B+\/B+ ah)(> ))

o2(r) = 5
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Let F o da(t) = (35(1), (1)) = 7(1) . We have

lim(y (1), 14 (1)) = lim(y3 (1), 1 (¢)) = (0,0).

Since the map F(x,y) is bounded, y(¢) always lies in the first quadrant. Also, the curve starts
and ends at the origin, and this implies the curve changes its direction at least once. Therefore
there exist at least one 7y such that (¥(t0),%(f0)) = (0,0). A simple computation gives

(%), %)) = (Wa(D)ha(1), ya (D)o (1))

where,
5 {3
—4B%
lr) = z ; e ’
—a 4
3(t—1)%(1 —ab)? ([3+ [32+ t)\/ lab i ) B2+(lfla3b)t
g fpre B Bt /32 45(1 abr 1
s—b (IZab)t )
2b6< ( ’ ) ( ))
4
ya(t) = P a2 4B((1—ab)i ’
12(t—1)3(1 —ab)? (/%ﬂ/ﬁ%ﬁ)’))) \/(ﬁz-i‘W) B2+ = ab
and

Ia(e) = (t— 12((1 —ab)r - 1>\/ e gy e [ e

Since the terms y;3(¢) and y4(fr) do not vanish in the interval (0,1) for all ¢, we see that
(%(1),7,(t)) equal to (0,0) only when hy(t) becomes zero.

Clearly, hy(0) = —+/B2+ % <0 and hy(1) =a’by/ B2+ % > 0, therefore there exists at

least one root of hy(r) in the interval (0,1). A simple calculation shows that () > 0 i.e.,
hy(t) is monotonically increasing. Therefore it crosses ¢ axis exactly once at some 7y € (0,1)
where ha(to) = 0 with h,(ty) # 0. Hence for t # fg

d
“(Fo9a)(r) £0,

and for t = ¢y

2
%(Fo(j}z)(t) =0 and %(Fo(pz)(t) # 0.

This shows that all the points on the curve LC%1 are fold points except the point p = ¢(t)
which is a cusp point.

O

The computation of the cusp point in the Theorem 4.3.4 gives the following interesting
result.

Corollary 4.3.5. The image of the cusp point p determines the position of the LC? curve, i.e.,

LC? C [0,81(p)] % [0,82(p)]. (4.17)
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Proof. From the above Theorem 4.3.4, we know that h,(0) <0, hy(1) >0 and hy(r) =0 at t = 1o,
therefore

—ve, t€ (0, 1)

ha(t) = {—i—ve, t € (to, 1).

Now, from the formulas of y3(¢) and yy(z), for all 7 € (0, 1), we have

y3(1) <0 and yu(r) <O.

From the above, we conclude that

+ve, 1€ (0, 1)
—ve, t € (to, 1).

%@zﬁmz{

Hence, 13(t) < 13(t0) and 7(t) < ya(to) for all € (0,1). Consequently, we say that,

LC? C [0,g1(p)] % [0,82(p)]. (4.18)

O]

Remark 4.3.6. (i) The LC' curve is the image of the fold points, i.c., every w € LC' has only
one critical preimage.

(i) The critical curve LC' and LC* cannot intersect with each other. On the contrary suppose
that LC' and LC? intersect at somet =t' then att=1'

(@) () = (B(), nu).

Corresponding to (yi(t"), (")) and ('), 1(t)), we have ¢1(t') € LC', and ¢(t') € LC?,
respectively, such that

F(¢i(1) = (n (1), () and F(92(t)) = (5(t), w(t)).-

But ¢1(t') # ¢2(') because LC' | NLC?, = ¢. This contradicts that every point on LC' curve
has a unique critical preimage. Hence, LC' and LC? curves cannot intersect.

(iii) The LC? curve obtain its mazimum value at F(p).
Lemma 4.3.7. Let F(x,y) be the 2D Homographic map, then the boundary of F(R2) lies in the

union of F(OR?%), and LC, i.e.,
JF(R%) C F(IR%)ULC.

Proof. F(R?) is a closed set; hence it contains all of its boundary points. Let v € dF(R%) then
exists u € R such that F(u) =v. The point u can be either a regular point or a singular point.
Assume that u is a regular point then we have the following cases (i) u € int(R3 ) and (ii) u € d(R%).

(i) We know that for a compact Euclidean set, the image of regular points cannot lie on the
boundary; therefore, u ¢ int(R?).

(ii) If u € d(R%) then v € F(IR2).
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If u is singular then u € LC_1, then v € LC. From the above, we conclude that
JF(R2) C F(IR%)ULC.
O

In this work, our goal is to understand the dynamics of the 2D Homographic map; therefore, we
are concerned with the image of Ri under F. Thus, we have the following result.

Theorem 4.3.8. Let F(x,y) be the 2D Homographic Ricker map then we have
F(R2)=XUYULC".

Proof. We know that the x and y axes are invariant under F(x,y). Then F(dR?%) =X UY, where

— 2 2r+B—/B2+4 _ 2 25+B—/B2+4
X = {(x,O) 0<x< % meﬁ{m} and Y = {(O,y) 0<y< weﬂ’”ﬁ}
From the analytical work discussed in the proof of Theorem 4.3.4, we conclude that LC? is a curve
that starts and ends at the origin (0,0) and attains its maximum value at F(p). Also, the critical
curve LC! and LC? cannot intersect each other; therefore the possibility is that either LC' C LC? or
LC? C LC'. Suppose LC' C LC? then we get a contradiction to the fact that F(x,y) is a continuous
function, therefore LC> C LC!.
We claim that F(p) ¢ LC'. On the contrary suppose that F(p) € LC', since p is a cusp point then
there exist t = #; such that

(1), ;1)) = (0,0).
The above condition contradicts the fact that all the points on LCl1 are fold points and
(7,(11), %(11)) # (0,0) for all ¢ € [0,B]. Hence, F(p) ¢ LC' and the curve LC? lies below LC' curve.
The above analysis proves that

F(R2)=XUYULC".
O

We recall some topological results from [Saldanha and Tomei, 2002] to count the number of
preimages of RZ\LC.

Lemma 4.3.9. (Saldanha and Tomei [2002]) Let F : R% — R% be a proper function with critical
set LC_y. Then the number of preimages in any connected component of Ri\LC is constant.

Lemma 4.3.10. (/Saldanha and Tomei, 2002]) Let F : R3 — R2 be a proper function having only
fold and cusp points as singular points. Then the number of preimages in adjacent connected
components of R%r\LC 1s differ by two.

From Figure 4.3, we observe that Ri\LC consists of three connected components Q;, Q> and Q3.
From Lemma 4.3.9, each Q; for i = 1,2,3 has a constant cardinality. Let Z, be the zone where the
number of preimages is n. Then Theorem 4.3.8 shows that none of the point in the domain Ri
is mapped to the region Q;. Hence, the Q; region is in Zj zone, i.e., the points in Q; have zero
preimages. Now, from Lemma 4.3.10, the difference in the number of preimages in the Q, and Q
is two. Therefore the region Q; is in the zone Z,, i.e., the points in Q, have two preimages. The
possibility for the region Q3 to be either in Zy zone or in the Z; zone. Let g € Q3 be a point close to
the cusp point F(p). Then, the local structure of the cusp point consists of at least three preimages
of the point g. This discards the possibility of region Q3 to be in the Zj zone, therefore the region
Q3 lies in Z4 zone. We conclude that the critical curve LC divides the plane R%r into three different
zones Zy, Zy, and Zs. Hence the 2D Homographic map F(x,y) is belongs to Zy — Z; — Z4 class.
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Figure 4.3 : The critical curve LC of the 2D Homographic map F(x,y).

4.4 FIXED POINTS AND STABILITY

In this section, we calculate the fixed points of the 2D Homographic map F(x,y) and discuss
their local asymptotic stabilities. The fixed points of F(x,y) are the points that are invariant under
the map. These invariant points are obtained by solving the following equations

X r—x—ay __ Y s—y—bx __
—e =x, and ——e¢ =y. 4.19
oy Vi B y (4.19)
The point Ey = (0,0) always satisfies the Eq.(4.19); hence it is a trivial fixed point of the map
F(x,y). If y=0, then we have

X _
r x:x7

e =x+p. (4.20)

Eq. (4.20) is an implicit equation, and hence, we cannot obtain the analytic value of x, which
satisfies this equation. Therefore, we use the Lambert W function to compute the fixed point.
More about Lambert W function is included in [Corless et al., 1996; Rocha and Taha, 2023, 2020;
Rocha et al., 2020]. Rearranging the Eq.(4.20), we obtain

x=W(X)-B, (4.21)

where X = ¢/*# and W(X) shows the Lambert W function. The exclusion fixed point of the 2D
Homographic map is given as E; = (W(X) — ,0). Similarly, in the absence of x species, we have

y S—y

——e ) =y,

y+B

&Y =y+p. (4.22)
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On rearranging the Eq.(4.22) we obtain

y:W(Y)_ﬁa

where Y = ¢**B and W(Y) represents the Lambert W function. The other exclusion fixed point of
the 2D Homographic map is given as E; = (0,W(Y) — ). The exclusion fixed points E; and E;
lies on the x-axis and y-axis respectively. The set of points whose x-coordinate is held fixed by
the function F(x,y) are called the x isocline, and its mathematical expression for the map F(x,y) is
given as

W _x— B =0, (4.23)

we denote the resulting curve by L. Similarly, the set of points on which the y-coordinate is held
fixed by F(x,y) are called the y isocline, and its equation is given as

esfyfbx —y— ﬁ — O7 (424)

we denote the above curve by L,. The coexistence of the fixed points is obtained by the intersection
of the curves Ly and L,. If the two curves L; and L, intersect in the positive quadrant, we obtain
the positive coexisting fixed point. Rearranging the Eq.(4.23) and (4.24), we obtain

y:é(r—x—ln(x—i—ﬁ)):f(x), (4.25)
and
= (5= v In(y+ ) =0). (4.26)

The occurrence of coexisting fixed points can also be seen in the following way: Let E3 = (x*,y*) be
the coexisting fixed point, then (x*,y*) can be obtained by solving the following equation:

G(x) = 5 (5 — () ~ In(f () +B)) (1.27)

Let x* be the root of the equation G(x) =0 and y* is obtained by substituting x* in Eq.(4.25), i.e.,
y'=fx).

Figure 4.4 : Coexistence of fixed point by intersection of isoclines L; and L.
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Theorem 4.4.1. Assume that ab < 1. The 2D Homographic map F(x,y) have a unique positive
coezisting fized point (x*,y*) € [0,M;] x [0,M>] if the following inequalities holds:

s < f(O)+In(f(0)+B), and %(s—ln(ﬁ))>§

where § is the solution of f(x)=0.

Proof. Assume that s < f(0)+In(f(0) + B), then it follows that G(0) <0 and let ; (s—In(B)) > ¢
which gives G({) > 0. Therefore, at least one root of G(x) exists between 0 and {. Compute

o (L—ab) 1/ 1 1 1
G =" +ab(mx*mf(x)*<x+ﬁ><f<x>+/3>>‘

A simple calculation shows that G'(x) > 0 for x € R, i.e., G(x) is a strictly monotonic increasing
function on R and hence crosses the x-axis only once. This proves that the 2D Homographic map
F(x,y) has a unique positive coexisting fixed point. O

4.4.1 Stability of the fixed points

The Jacobian of the 2D Homographic map F(x,y) is

((B (_x(?)‘zﬁ))) ol —X—ay 7a§ ol —X—ay

_ x+ X+

JF(x’y) - —by es—y—bx ((ﬁ—Y(y-i-ﬁ))) es—y—bx (4'28)
y+B (+B)?

The Jacobian evaluated at the fixed point (0,0) is given as:

<0
J(): (8 e.r).
B

The eigenvalues of Jy are A; = %r and A, = % The fixed point (0,0) is locally asymptotically stable
when |A4;] <1 for i=1,2, i.e., r <In(P) and s < In(B). We discuss the stability of the trivial fixed
point (0,0) in two cases (i) when r=1In(f), s <In(B) and (ii) when r < In(B), s =(n(p). In the case
(i) we have A; =1, |A2] < 1 and in case (ii) 41| <1, A2 = 1.

Case (i): We explain the stability of the fixed point with the help of centre manifolds. The centre
manifold theory [Cabré et al., 2003], [Carr and Muncaster, 1983], [Karydas and Schinas, 1992],
[Vanderbauwhede, 1989] is quite interesting when the system does not have an unstable manifold.
In this scenario, the dynamics of the centre manifold determine the dynamics of the original system.
More about the centre manifold and its computation can be found in the Appendix of [Luis et al.,
2011]. The 2D Homographic map F(x,y) can be written as

1 0 f
<xn+1> _ ( es) <xn> + <]j(xna))n)> 7 (4.29)
Yn+1 0 B Yn g(-xnyyn)
where f(x,y) = %e‘x_“y —x and g(x,y) = ﬁe“y_hx - % Using centre manifold theory, we have

y = h(x) where h(x) = Ax* +Bx* +0(x*), and A,B € R*. The map h must satisfy the centre manifold
equation

h(x+ f(x, h(x))) —
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1 B B amip B 0

By Taylor’s series, this equation is equivalent to

A <;S_ 1>x2+ <2A+(—Ab—|—BgeS+2AB —Bﬁ>x3+0(x4).

Solving the equation by keeping the coefficient of x? and x* equals zero, i.e.,

a(5-1)-0

<2A + (—Ab+Bl;es +2A8 —BB) =0,

we get a unique solution A = B=0. Hence h(x) =0. The centre manifold of the system is y =0,
and on this centre manifold, the new map £ is
A ~ xPe "
x)=x+ f(x,0) = .
Flw) = 0) = 522
The computations shows that f/(0) = 1 and f”(0) # 0. Hence by [Elaydi, 2007], the fixed point

(0,0) is unstable. Case (ii) can be solved similarly to the case (i). In case (ii), the fixed point (0,0)
is unstable. The above discussion will lead to the following proposition:

, (xﬁe—x—ah(x)> B esh(x) B h(x)es—h(x)—bx h(x)es

Proposition 4.4.2. The trivial fized point (0,0) of the map F(x,y) is locally asymptotically stable
when r <In(B) and s <In(B) and unstable when r > In(B) or s> In(B).

Remark 4.4.3. Note that under the condition r <In(B), s <In(B), the fized point (0,0) is the only
fized point of the map F(x,y). Therefore, whenever the fized point (0,0) is locally asymptotically
stable, it is also globally asymptotically stable.

The Jacobian of the map F(x,y) at the other two fixed points E; and E, are given as follows:

h:(“”%W“m—wwa%ﬁv’

bW (X))
0 —F

o—a(W(¥)=p) 0
o= P B-W)W()-B) | -
—bW(Y)=B) —m

The eigenvalues of the Jacobians J!s are nothing but their diagonal entries. We discuss the stability
of the exclusion fixed point E;. The fixed point E; is locally asymptotic stable when both the

eigenvalues lie within the unit disc. The eigenvalues of the Jacobian J; are A} = BWE)W(X)—p) 7W();‘),((‘;(/)(X)fﬁ ) and
A= w. The eigenvalue Ay lies within the unit disc if the following inequality satisfy
1 2+6B+1
B<wx)< IEPI* 213 +6p+1 (4.30)
Similarly, the eigenvalue A, lies within the unit disc if the below-mentioned inequalities hold
1
—(s+bB—1In(B)) < W(X). (4.31)

b

The Eq.(4.30) and Eq.(4.31) together give the condition in which A;, i = 1,2 lies in the unit disc.
Now, we discuss the stability of fixed point E; when the eigenvalue of J; lies on the unit disc. The
eigenvalues lie on the unit disc in the following cases:
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(i) When W(X) = )ty pPop+ Vzﬁz%ﬁﬂ, we have A} = —1 and A, < 1.

(i) When W(X) = S8-1B) e have A < 1 and A, = 1.
Case (i): We shift the fixed point E; = (x*,0) to (0,0) with the help of following change of variable
u=x—x"and v=y.
The 2D Homographic map under the above change of variable is obtained as

Upp1 = (”ﬂ+x )()C +B)efun7avn

u, +x*+ (4.32)
Vn

v+ B

s—bx* —bu,—v,

Vo1 = €

The system (4.32) can be written as

<M"H> o - (“”) + <J:(”"’V”)> (4.33)
Vit 0 g/ \ 8(tn,vn)
where

7 _ (un +X*)(X* +ﬁ) —Up—avy * *

f(”navn)— un—|—x*—|—ﬁ e +u,+ax v, —x,

—bx*
5 __Vn S—bx*—bu,—v, __ e
g(”navn)—v”+ﬁe Vn< B >

Since A; = —1, hence assume that v = h(u) where h:R — R such that 2(0) =0 and #'(0) =0. Let
h(u) = Au® +Bu® + O(u*), where A,B € R. The map h must satisfy the centre manifold equation,
i.e.,

h<<“+ﬂ(x+/3>e—u—ah<u>_x*> h(t) ettt _ g, (4.34)

u+x+p _h(u)—i-ﬁe

Obtaining the Taylor series expansion of Eq.(4.34) and keeping the coefficient of u#?> and u? equal to
zero, we get a unique solution A = B =0. Consequently, the center manifold is v = h(u) = 0. The
new center manifold map is

N

Flu) = —u—ax*h(u) + f(u, h(u)) = (u+x")(x"+B)

X, 4.35
u+x*+p ¢ * ( )

Simple calculations lead to the fact that the Schwarzian derivative of f(u) is negative. Hence by
[Elaydi, 2007], the fixed point E| is asymptotically stable.

Case (ii): We consider W(X) = (s+bB —In(B)) and in this case the 2D Homographic map F(x,y)
is written as

<Mn+1> _ %j’;‘ﬁ) —ax” <”n>+<f(”mvn)> (4.36)
Vitl 0 1 Vn 8(tn,vn)

where
z (un+X*) —Up—av, <ﬁ _X*(X*_'—ﬁ)) * *
Up,Vp) = ————e W | ———~ — |y, +ax"v, —x
g:(unavn) = Vnﬁ ~bun—vn Vn.
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Since Ay =1, let u = h(v) be the center manifold of the above system. After simplification, the
center manifold is given as

u=—a <x+[3> v+Av2+Bv3,
x+B+1

where

(=14+P)—(x*a®(=14P)*)/2) _ (P’x*d®) | (Pa(Pa—x*a(—1+P))) 1 (—1+Pab)
() (P ~ e+ ) - Pap (- S5

. (<x*+ﬁ)<x+ﬁ>2+(< JIE*)))“)

aP(x*p; — A+ pa*(P— 1))]

B (AP — 1)~ po+aPp) (¢ an-+a1) + (a(Pa—'a(p— 1) - LELAED

Ab—(Pab—1)> 1 (Pab—1)
2
+Aﬁ q3_Pa<2_Bz+ﬁz s
where P = 1+B+fx*’ po=a(P—1) <%_512(P671)2_i_Aa(l’z’fl))7 P :A_M7
— aP A__ _aP? _ _APa _( A &P _ (2 2(Pab-1)
9= ¥1p <x*+13 (x*+B)2>’Q1_(x*+B)2’qz_(x*+ﬁ (*+I3)> _<ﬁ3 P )

Thus, on the centre manifold, the new map is given as

) =v+3(h(v),v) = <v‘fﬁ) —v—bh(v)

We have f’(O) =1 and f”(O) = (ﬁ) ((x*—l—B)(l—a )+ 2[H#H) # 0. By [Elaydi, 2007], w
conclude that the fixed point E; is unstable when W(X) = ;(s+bp —In(B)). The above analys1s
leads to the following theorem:

Theorem 4.4.4. Let F(x,y) be the 2D Homographic map and E\, E, are its fized points. Then the
following holds:

(i) Ei is asymptotically stable, when B <W(X) < 3((1+B)++/B2+6B+1) , 3(s+bB —In(B)) <
W(X).

(ii) E, is asymptotically stable, when B <W(Y) < 3((1+B)++/B2+6B+1), L(r+ap—in(B)) <
w(Y).

The intersection of the curves L; and L, gives the positive fixed point of the map F(x,y) as shown
in Figure 4.4. Since the equation of the curve L; and L, are the implicit equation, we cannot find
the coexisting fixed point analytically. Let E3 = (x*,y*) be the unique coexisting fixed point. The
Jacobian of the map F(x,y) at E3 is obtained as

(B—x"(x"+B)) P )

ax

)= ( x*+ﬁ* B—y*(0*+B))
—by y*+B

(4.37)

The trace and determinant of JF(x*,y*) are given as follows:

tr(JF(x*,y")) = P _;C:(f[;rﬁ)) + (B _ii(j_;*l;rﬁ))

9

and,

2 _ X (x* o * (1% — ab)x* v (x* *
der () BB B =By ((;Ig))(;gmw Y B +B)
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Theorem 4.4.5. The unique positive coexisting fized point (x*,y*) is locally asymptotic stable if
and only if

B +y"+2B) = (x" +y) (" + B)y" + B)| < B = Blx"(x" +B) +y" (v* + B))+
(1+ (1 —ab)x"y" ) (x"+B)(y* + B)),

and,

B2 =B (x" +B) +y" (" +B)) < (1+ (1 —ab)x'y")(x" + B)(y* + B).

Proof. The coexisting fixed point (x*,y*) is locally asymptotic stable if and only if the eigenvalues
of JF(x*,y*) lies within the unit disc, i.e., p(JF(x*,y*)) < 1 where p is the spectral radius of the
matrix JF(x*,y*). The condition p(JF (x*,y*)) < 1 is equivalent to the following

[tr(JF (x*,y"))| < 1 +det(JF(x*,y")) and det(JF (x*,y")) < 1, (4.38)

From the Eq.(4.37), substituting the value of trace and determinant in Eq.(4.38), we obtain the
mentioned condition of local asymptotic stability of the positive coexisting fixed point (x*,y*). O

The above theoretical result of the local asymptotic stability of the positive coexisting fixed point
(x*,y*) is explained, which is confirmed numerically in the numerical example presented in Section
4.6.

4.5 BIFURCATION ANALYSIS

In this section, we discuss the flip bifurcation of positive equilibrium (x*,y*) of the map
F(x,y). The Jacobian matrix of F(x,y) at the equilibrium point (x*,y*) is given by Eq.(4.37), and
the characteristic polynomial is given as follows:

C(A) =A% = P(x*,y")A + Q(x",y"), (4.39)

¥+ B B
oG y) = BB+ B) — By (v +B) + (1 —ab)'y" (" + B)( + B))
’ (r* +B) 0 +B)) ’

For the characteristics polynomial C(A) to have two real roots, its discriminant should be positive,
i.e., P?(x*,y*) —4Q(x*,y*) > 0. In the explicit form, the above condition can be written as

B +B)+ 0"+ B) DG 47 ) > D[ — B (" +B) +3° (" +B)) a0
+(1 —ab)x*y*D] '
where, D = (x*+ )(y*+ B). Also, assume that
P(x",y") +0(x",y") = - L. (4.41)

Considering the above conditions (Eq.(4.40) and Eq.(4.41)), the roots of Eq.(4.39) are 4; = —1 and
M =Bx*"+B)+B0*+B)+ (1 —x* —y*)D. Further, we assume that |A2| # %1 i.e.,

B(x*+B)+BO +B)+(1—x"—y")D# £1. (4.42)
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Consider a parameter region
vrs = {(r,5,a,b,B) € R®: Eq.(4.40), Eq.(4.41), and Eq.(4.42) are satisfied}.

The positive equilibrium point (x*,y*) of the map F(x,y) encounters a flip bifurcation when the
parameter changes in the small neighborhood of yrp. Solving the Eq.(4.41), we have

B4 =207 =2y + (1 —ab)x*y"] + B (26" (1 —x*) + 2y (1 = ) = 2x"y* + (1 — ab) (x" +y")x"y"]
+[1—=x"—y "+ (1 —ab)x*y*|x"y" =0. (4.43)

The positive root of the above equation is

_B+B2—4AC
Br= 2A ’

where A =4 —2x> —2y* + (1 —ab)x*y*, B = 2x*(1 —x*) +2y*(1 —y*) — 2x*y* + (1 — ab)(x* + y*)x*y*,
and C = (1 —x* —y* + (1 —ab)x*y*) x*y*. Consider the parameters (r,s,a,b, ) € Yrp arbitrarily and
describes the 2D Homographic map F(x,y) in terms of these parameters then we get the following

map
N r—N—aR
N ~ T €
(R> — (VP oS—R=DN | - (4.44)
P+p

Let B be the bifurcation parameter and 8 be a small perturbation, then the system (4.44) can be
described as

N r—N—aR
N =€
<R> - (NH;;‘ H_; es—R—bN) (4.45)

P+Bi+pB

where |ﬁ_| << 1. Taking x =N —x* and y = R—y* which transfer the equilibrium point (x*,y*) to
the origin (0,0) and the system (4.45) is converted into the following form

()G 2 0) () o
where

g1(x,y,B) = Appx* + Azy* + Aaxy + A1sB% + AeyB +A17xB + B1ox® + Bisy?
+B1af? + B1sx*B + Bisx*y + B17y*B + Bisy*x + B1oxB* + B101yB? + BioaxyB,

22(x,y, B) = Ap1x* + Apsy® + Agaxy + Aos B + AseyB + A27x + Baox® + Bpsy?
+ B3> + Bosx® B + Bosx*y + Bagy* B + Basy*x + BaoxB* -+ Boo1yB% + BaooxyPB,
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where,

gy BB e By O+ B)
11 1B 12 = 21 v+ B
o X B B (B —2) “2pi(14B) , _a —a(Bi—x (4 B)
2= 2 1 B )2 A3 = oAl = 1B
P A ax* —(Bi ="+ B +1))
5= Gy g T 2w g X+ B !
B — X =2 81 +4x" (2—B1) — 4 6(x*+Bix* — i)
2760+ Br) 6(x" + Br)> 6(* +B)
—a3x* —6x*
B3 = G ,Bla= 6(c 1 B)’
By = P (=B *2+2xG—Br—ﬁ}+M&—Q)i6@”+ﬁw*—&)
P 2(x* + By) 2(x* + By )? 2(x" + By )3
B — —a(x*(x*+p1+2)-2B1) 2a(x* + Bix* — By) B — —a’x*
o 2"+ Br) 20+ B2 T T 2+ )
B PO HB)) 2B~ + Bi +2))
s 20 +p) 20+ B
Bioy =~ gy — A EhED )
101 20 + B1)2’ 102 = (£ B )
B Py By (B —2) 2B 4B) bR -y (" +B)
28 = 7523 = 2(y*+ )2 A v+ B
I Y OB -1+ (2—-B) Ay D
BT+ pr (*+&V T B2
B DY 73BN+ By -6y —6)B + 3y — 3y — 6" —6)B1 5™
2n=""% 23 = 6(y* + )3 )
=67 —b2y* V(B =y +B) _ —adi
B = S B T T i A T s P T e T A
Y ) e e ) I
ol 2"+ B1)? TP T2 B
By, = —202+y" (2+B1) - B) —bO O B = Br)

W+ B T 0+ B

Now, we consider the following translation

§-r)

a a . .
where T = 12 12 be a non-singular matrix, then we have
—l—an A —an

-1 | (lz—an —alz)
ap(l+A) \ 1tan a2 )’

Under the translation (4.47), the map (4.46) can be written as follows:
u —1 0\ (u\_ (g(u.vB)
<V> - < 0 )LZ> <V> + <g4(u,v,[§) ’ (4.48)

79



where,

(A2 —ai1)Ai —anAxn (A2 —an)A1z —anAx

2 2
= X —|—
< a12(1+12 ) < a12(1+12 >y
ﬂ. — A4 — appA 7L — A5 —appA
+< 2 —ay)As—an 24>xy+< 2 —ay)Ais —apn 25) =
ap(14+ 1) ap(1+42)
(A —aj1)Aie—anA (A2 —ai1)A17 —apA
n 2 —ai1)Aie —ainAas B+ 2 —ai)A17 —anAy
app(l+ 1) an(l+42)

(A2 —a11)B12 —anB (A2 —ai1)Biz —anB
+( »—ai)Bia—an 22>x3_|_< »—ay)Biz—an 23)y3
apn(1+2A2) ap(l+21)
+< /12—6111)314—6112324) 3+< (Ay—anr) Bls—a12325>x2
apn(l+212) apn(l1+21
(A2 —a11)Bis —anB (A2 —ay1)B17 —anB
+< »—ai)Big—an 26>x2y+< »—ai1)Bir—an 27)y2
ap(l+42) aia(1+242)

(A —ay1)B1g —anB (A —ai1)Brg —anB =
+( »—ay)Big—an 28>y2x+( » —ai)Big—ain 29>xﬁ2
apn(l+242) ann(1+42)

—a B —apB —ai1)Biop —apB -
+( »—aii)Bior —an 20) +< 2 —ai)Bipp —ain 202)xyl3‘
6112 1—|—A,2 alZ(l'f‘;LZ)

< (1+an) A12+6112A22>x2+< (I+amn) A13+012A23>y2
apn(14+ 2, apn(1+ 21,
(1+ai1)As+anAxn (I4+an)Ais+ands )\ 5,
+ xy+
ap(l+24,) apn(1+4+21,)
(14ai1)A6+ainAs (1+ai)A7+anAy
+ B B+ x
ap(l+24) ap(l1+21)
(1+ay1)Bia+anB (1+ay1)Biz+anB
+( 11)Bia+ain 22>x%—|—( 11)Bi3 +an 23)y3
ap(l1+21) apn(1+242)
_|_< 1+6111)Bl4+012324> 3+< I+ar 315+6112325>x2
ap(1+42) ap(1+24;
1+a B¢+ a12Bog l+a B +a;B
+< 11)B16 + a12B2s Pyt 11)B17 +ainBy; VB
alg(l—i-)yz a12 l—l-ﬂ.g
( +a11)318+a12328> < +an Bl9+6112329> =9
+ B
app(1+ 24, ap(l+21)
1+a Bio1 +apB = 14+aq1)B1o2 +anB -
+( 11)Bio1 + a2 201> 52+<( 11)Bio2 + a2 202)xy[3.
apn(1+ 1) ap(l+242)

Let W,.(0,0,0) be the center manifold of the map (4.48) in a small neighbourhood of f = 0. According
to the center manifold theorem, there exists a center manifold

W.(0,0,0) = {(u,v,B) € R’ : v = h(u, B),h(0,0) = 0,Dh(0,0) = 0}
for a sufficiently small u and B. We assume that the center manifold of the form
h(u,B) = cou® + cruf + 2>+ O((Ju + |B])?). (4.49)

The center manifold must satisfy

h(_u+g3(u7h(”7ﬁ)7ﬁ_)vl§) _}Qh(“vﬁ) _84(1"7//1(”73)73) =0 (450)
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Substituting Eq.(4.49) in Eq.(4.50) and equating the coefficients of like powers to zero. After the
simplification, we get

(1 +all)A12+(1]2A22> 2 ((1 +ai)Az +6112A23>
co=4ap +(1+an
< (1-23) ( ) ann(1—23)

(14+ai1)As+ainAx
—(1
( +a11) ( (1_12) ’
—(1+an) A16—a12(1+all)(A26—Al7)+ale27
ain(1+4242)?
o — (1+a11)A15+012A25
2 (1-43)

Ccl1 =

Therefore, we consider the map (4.48) restricted to the center manifold W.(0,0,0) which is given as

fru— —utmy? +mou +myi B+ maup?® + msu® + 0((Jul +|B))*), (4.51)
where,
my =ap <(7LZ _al(ll)ilizg al2A22> +(14a)? ((lz _lezl()fi);;luA%)
—(14an) <(Az _a1(11>;4_1;2;a12A24) )
= (B ) e (B )
2a%201 <(/12 —~ 611(11);4_1;2; a12A22> —2c1(A—an)(1+an) ((12 _lei()fr};;lleB)
+c1(Ay—1—2ay;) <()“2 _al(ll)f;z;mﬁz‘l) e <(?Lz —al(ll)ilzzgauAm)

Ay —ai)Arr —apA A2 —ay1)Bis —apnB
+CO()LZ_011)<( 2 all) 17 —ai2 27)+a12<( 2] Clll) 15 —an 25)

ap(1+42) (1+42)
A2 —ay)Bi7 —anBa (A2 —a11)Bio2 — anBa
] 2 (A2 —an >_ ] (
(1 +an) ( . (1+an) B |
B lz—all JA12 —apAn (A2 —ai1)A1s —apnAy
m4—262a12( 0 70) >+Cza12(a12—(1+6111))< an(1+ )

ap 1—{—12) a12(1+2'2)
A —aj)Aie —anAs (A2 —ai11)Bi9g —aiaBao
*C‘a‘z( an(1+ ) Ta R

~(1+an) <(12 —ay1)Bio —a123201>

—ay)A;3—anA Ay —ai1)Aie —apnA
_2a1262< 2 —an)Aiz —ain 23>—|—cla12<( 2 —ai)Ais —ain 26>
(

ann(l1+212)
ms = 2coai2 ((/12 — al(ll)ilizg a12A22> —2co(A2 —an)(1+air) ((;Lz _lezl()llqi;z;llﬁ%)
+co(Ar —1—2a1) <(2’2 _al(]l)i];tz;anAm) +a%2 ((12 —al(ll)fli;amBzz)
(s (e ete)

For a system (4.51) to encounter a flip bifurcation, we require two discriminatory non-zero
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quantities oy and @, which are from [Robinson, 1998] given as follows:

O R AN
a1—<2858u+aﬁau>00—2}’n2

(12N 1 (& o,
@ = (2 (5) +3<M)>(00)_2<m1+m5>.

We obtain the following theorem by summarizing the above analysis, together with Theorem 3.1 in
[Robinson, 1998].

Theorem 4.5.1. If op # 0, then the 2D Homographic map F(x,y) undergoes a period-doubling
bifurcation at the unique coexisting fized point (x*,y*) when the parameter B wvaries in the small
neighborhood of Bi. Furthermore, if ap >0 (0 < 0) then the period-two orbit that bifurcates from
(x*,y*) is stable (unstable).

4.5.1 Fold and flip bifurcation curves

In this subsection, we discuss the fold and flip bifurcation curves associated with the fixed
points Ey, E| and E; of the 2D Homographic map F(x,y). Let (£,§) be one of the periodic points of
a period n orbit, where n € N. The 2D Homographic map F(x,y) and its n'"-iterated map F"(x,y)
are given as

F(x,y) = (g1(x,y),82(x,y)) and F"(x,y) = (g7 (x,¥),85(x,y))-

Let
dgi | 985 dgi dgh _ Igi 98
tr= dp="28198 98198 |
"7 ox dy o dx dy dy ox t4

where tr and D — 1 respectively denote the trace and determinant of the Jacobian matrix of F"(x,y).
A real number ¢ such that Do —tr = 0 is called the reduced multiplier of the considered n periodic
point. In ]R%r space, a contour line ¢ of n periodic points is a curve that satisfies the following
equations:

F'(£,9) = (£9),
=tr(x

Bi )0 o (4.52)

Note that the equation of the contour line & is obtained by eliminating the (£,¥) in Eq.(4.52). The
other properties of the reduced multiplier and contour lines can be found in [Carcasses, 1993]. A
contour line o = 1 represents the fold bifurcation curve, and contour line ¢ = —1 represents the
flip bifurcation curve. The fold and flip bifurcation curves are generically denoted by Afn)o and A},
respectively, where n € N is the order of the cycle, and j is the differentiation between bifurcation
curves of the same cycle n. In this chapter, the fold and flip bifurcation curves corresponding to
the fixed point E; are denoted by A(j) and A’ respectively.

The trace and D value of 2D Homographic map F(x,y) corresponding to n =1 are given as

i <(l3 (—x(x+B))> o ((13 —y(y+l3))> oorb

x+pB)? (y+B)?
5 (B> = Bx(x+B) — By(y+B) + (1 — ab)xy(x+ B)(y+B))el s~ (O (1+a) O
(x+B)(+pB)? '
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At the fixed point Ej, the tr and D values are given as

_B-WE)W(X)—p) e PVXB L (B-WX)(W(X)—B) (e PVHR)
tr= W) + B andD—< W) >( B )—l—l.

(4.53)

The contour line corresponding to ¢ = 1 satisfies the equation D =tr. Hence, we obtain the following:

<[3 —W(X)(W(X) _B)) (esb(W(X)ﬁ)> e B—W(X)(W(X)-B) esfb(W(X)fﬁ).

W (X) B W(X) T8

After simplifying the above equation, we obtain

B-WX)WX)-B)
W(X)

=1, (4.54)
and
=1. (4.55)

Solving Eq.(4.54), we get W(X) = —1,B. Corresponding to W(X) = 3, the fixed point E; reduces
to the fixed point Ejy, and corresponding to W(X) = —1, the fixed point E; does not lie in the
domain Ri. Hence, we discard the W(X) = —1, B values to obtain the fold bifurcation curves. Now,
simplifying Eq.(4.55), we obtain

(s —in(B))

WX) =B+

Using the definition of Lambert W function and substituting X = ¢’*#, the fold bifurcation curve
equation of the F(x,y) map is given as

—1 —1
r=tn(p+ (s=In(B))\ | (s—In(B)) (4.56)
b b
The contour line corresponding to ¢ = —1 satisfies the equation D = —tr. After substituting the

values of tr and D at the fixed point E; we obtain the following:

(B — W)W (X) - B)) <e5b<W<X>ﬁ>> i (ﬁ W)W (x) - B) esb<w<x>m> |

W (X) B W(X) * B

Simplifying the above equation, we get the following equations:

B-WX)(W(X)-p)
W (X)

— 1, (4.57)
and,

=—1. (4.58)
Solving Eq.(4.57), we obtain

wor) - (LEB) VTR 4
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From the definition of the Lambert W function and X = ¢"*# | the flip bifurcation curves of the
F(x,y) map are given as follows:

- <(1+l3)i (1+B)2+4ﬁ>e(“*ﬁ)“ﬁﬁ>z*“ﬁ)

= 4.59
g (459)
The Eq.(4.58) does not have any feasible solution; therefore, it will not contribute to determining
the flip bifurcation curve corresponding to E;. The fold and flip bifurcation curves of the 2D
Homographic map F(x,y) are given by Eq.(4.56) and Eq.(4.59) respectively.

Similarly, the fold and flip bifurcation curve corresponding to the fixed point E; are obtained as

sl <B+ (r—l:(ﬁ))> | r=in(B)) (4.60)

a

and

o ((1+B)i (21+B)2+4ﬁ>e(“*‘”*9*’”2*4ﬁ). (4.61)

The fold bifurcation curves corresponding to the trivial fixed point Ej are given as

r=In(B). (4.62)

s=1In(B) (4.63)

The map F(x,y) does not have any flip bifurcation curves associated with Ey, because the first
quadrant is invariant and if the map F(x,y) undergoes the flip bifurcation then the period 2 point
generated will be outside of the first quadrant which is not possible. We discuss the fold and flip
bifurcation curves associated with different fixed points of the map F(x,y) in the f —r and  —s
parameter planes. Further, the fold and flip bifurcation curve enables us to find the stability region
associated with the fixed points.

p —r Parameter plane: Assume that s, a, b are constants and taking r, B as positive variable
parameters. The fold bifurcation curves corresponding to Ey, E;, E» and flip bifurcation curve
corresponding to E; in the B —r parameter plane are shown in Figure 4.5. From Eq.(4.56), Eq.(4.60)
and Eq.(4.62), the fold bifurcation curves A%O, Agl’ﬁo and A%i%o associated with the fixed points Ejy,
E|, and E; respectively intersects at the point (e°,s). Since we assume that all of the parameters
are positive and the flip bifurcation curve associated with the negative sign in Eq. (4.59) does not
lie in the positive quadrant of the B —r plane. As a result, the curve in Eq. (4.59) that corresponds
to the negative sign is ignored. The stability region of the fixed point E; is denoted by Ryupi.(E1),
which is enclosed by A%O, Aéil)o and Ai71 curves. In the B —r parameter plane, the (e',s) point is

characterized as a singular point of codimension greater than two.

B —s Parameter plane: Assume that r, a, b are constants and taking s, B as positive variable
parameters. The fold bifurcation curves corresponding to Ey, E|, E> and flip bifurcation curve
corresponding to E; in the f —s parameter plane are shown in Figure 4.6. From Eq.(4.56), Eq.(4.60)
and Eq.(4.62), the fold bifurcation curves A(()il)o, A2i§0 and A%il)o associated with the fixed points Ej,
E\, and E; respectively intersects at the point (e”,r). Since we assume that all of the parameters
are positive and the flip bifurcation curve associated with the negative sign in Eq.(4.61) does not
lie in the positive quadrant of the B —s plane. As a result, the curve in Eq.(4.61) that corresponds
to the negative sign is ignored. The stability region of the fixed point E; is denoted by Ryapre(E2),
which is enclosed by A%O, A?i%o and A?’l curves. In the f —s parameter plane, the (e¢”,r) point is
characterized as a singular point of codimension greater than two.
The above analysis of the fold and flip bifurcation curves leads to the following proposition.
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Population r

Rstapie (E1)

Parameter 3

Figure 4.5 : Fold and flip bifurcation curves of F(x,y) map in the B —r parameter plane at s = 1.5,
a=04, b=0.2.8.

Parameter s

RStabIe (EZ)

Parameter 3

Figure 4.6 : Fold and flip bifurcation curves of F(x,y) map in the B —s parameter plane at r = 1.3,
a=04,b=0.8.
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Proposition 4.5.2. Let F(x,y) be the 2D Homographic map given by Eq.(4.3).

(i) In the B —r parameter plane at the constant values of s, a, b, then

0.1 L1 A21 _ gs
Ay, NG, NAG, = {(e*,s)}.

(i) In the B —s parameter plane at the constant values of r, a, b, then

0,1 11 AT
Aty WA, DA, = 1))

4.6 NUMERICAL SIMULATIONS

In this section, we give some numerical simulation results to illustrate the theoretical results
related to the stability of the positive fixed point and the bifurcation analysis with respect to the
parameter . With the help of bifurcation analysis, we show some interesting dynamics of the 2D
Homographic map. To perform the numerical simulations, we assume the carrying capacities r and
s of the map F(x,y) in the interval (0,4] and discuss their dynamics. With the help of bifurcation
diagrams, one can observe reverse period doubling in the system (4.3).

Example 4.6.1. Consider =24, r=1.5,s=1.7,a=0.7, and b =0.65, then the coezisting fized
point of the 2D Homographic map F(x,y) is obtained as (x*,y*) = (0.192,0.508). The characteristic
polynomial of the Jacobian at (x*,y*) is obtained as

22 —1.051242 +0.188503 = 0,

with eigenvalues Ay = 0.822035735 and A, = 0.229354266. Both the eigenvalues lie within the unit
disc. Hence the fized point (x*,y*) is local asymptotically stable. Figure 4.7(a)-(b) shows the time
series graph of the population x,, y, respectively, and Figure 4.8 shows that the orbits approaching
the locally asymptotic stable fized point.

Example 4.6.2. Consider the 2D Homographic map F(x,y) at the specific parameters: r = 2.84,
s=1.7,a=0.6,b=0.4, B €[1,6]. The bifurcation diagrams of the species x andy w.r.t the parameter
B are shown in Figure 4.9 (a) and (b), respectively. As the parameter B passes through the critical
value B1 = 1.7633, the stable period 2 points lose their stability via reverse period doubling, and the
unique coexisting equilibrium point gains stability. At By = 1.7633, the unique coexisting equilibrium
point is E3 = (1.4533,0.3639). The characteristic equation of the Jacobian matrix of the map F(x,y)
at E3 is given by

A% +0.4400822 — 0.54783 = 0. (4.64)

The roots of Eq.(4.64) are A = —1 and Ay =0.559918. Thus the parameters (2.84,1.7,0.6,0.4,1.7633) €
VrB.

Hence, the 2D Homographic map undergoes a flip bifurcation, as shown in the theoretical analysis.
The maximum Lyapunov exponent diagram of the system (4.3) at the specific parameters mentioned
in Example 4.6.2 is shown in Figure 4.10.
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Figure 4.7 : Time series diagram of populations {x,} — x* and {y,} — y* of the map F(x,y) at
parameters r=1.5, s=1.7, a=0.7, b=0.65, and  =2.4.

Maximum LE

0 1 2 3 4 5 6
Parameter 3

Figure 4.10 : Maximum Lyapunov exponent of map F(x,y) at parameters r =2.84, s =1.7, a = 0.6,
b = 0.4 with respect to the parameter f3.

Further, we discuss the general bifurcation analysis of the system (4.3). This section focuses
on the bifurcation analysis of the map F(x,y) with respect to parameter . Note that in the
absence of y-species, the 2D Homographic map behaves as a one-dimensional (1D) Homographic
map; therefore, their behavior is the same. The 1D Homographic Ricker map is given as

Xn r—Xx,

e )
Xn+ B

Xn+1 =

where r is the carrying capacity of x species and f is the half-saturation constant of the Holling type
IT functional. The bifurcation diagram of the 1D Homographic map with respect to the parameter
B is shown in Figure 4.11(a) and its zoomed part in Figure 4.11(b). The diagram shows that the
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Figure 4.8 : Example of a trajectory of a locally stable coexisting positive fixed point of the map F(x,y)
at parameters r=1.5, s=1.7, a=0.7, b=0.65, and  =2.4.

map exhibits chaotic behavior at the small B values and takes a reverse period doubling route to

reach an equilibrium state.

Population x
Population x

(IJ é :t fIS é 1.0 1‘2 1‘4 0 OI5 1 1?5 2
Parameter 3 Parameter 3

(a) (b)

Figure 4.11 : Bifurcation diagram of 1D Homographic Ricker map with respect to parameter 3
(a) r = 2.5, (b) Zoomed part.

After being at the equilibrium position, there exists some f§ = * such that for § > f*, the x
population goes towards extinction. As the carrying capacity r increases, i.e., ry <r <r <r4... <ry
then the corresponding B after which the population goes to extinction is also increases, i.e.,
B < By < B5 <Bi <..<PB;. The biological meaning of the aforementioned statement is that the
increase in carrying capacity r allows the x population to persist for a large range of B values. Now,
we discuss the changes in the 2D Homographic map in the presence of y species. The bifurcation of
the map F(x,y) will be discussed in two possible cases: (i) when the competition between x and y
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Figure 4.9 : Flip bifurcation diagrams of the x and y species of the map F(x,y) at the parameters

r=2.84,s=1.7, a=0.6, b = 0.4 with respect to parameter f3.

species are equal, i.e., a =b. (ii) when the competition between x and y species are not equal, i.e.,

a#b.

Case (i): Consider the map F(x,y) at the equal competition parameters (a =b =0.5). Bifurcation
diagrams of x and y species with respect to the parameter 8 are shown in Figure 4.15 (Appendix),
and from the diagrams, we have the following observations:

(i)

At small value of r say r, the x population is at the equilibrium state and after a certain
B = B} it goes to extinction. At the same time, with a constant carrying capacity of y, say s,
the y population is also at an equilibrium state, and at certain 8 = ﬁl, the y population goes
to extinction.

For r, > ry, x species exhibit chaotic behavior and undergoes a reverse period doubling route
to reach the equilibrium state and undergo extinction for some B; > B;. With the increase in
the r value, the x population shows chaotic behavior and survives for a larger range of B as
shown in Figure 4.15(c). Correspondingly, at the same carrying capacity s;, the increase in r
value changes the dynamics of y species drastically. The y population shows chaotic behavior
and goes to extinction at smaller [Aiz < ﬁl, shown in Figure 4.15(d).

With the increase in r values the chaotic region of the x population is also increases. While
at the same time, the chaotic region of y species decreases, as shown in Figure 4.15(e).

For a sufficiently high value of r, Figure 4.15(f) illustrates that the y species shows chaotic
behavior and then faces the interior crisis, which leads to direct extinction.

The maximum Lyapunov exponents corresponding to the following parameter values: s = 0.5,
a=b=0.5,r=2.5and r=3.5 are calculated and plotted in Figure 4.12(a) and (b) respectively.

Case (ii)-(a): Consider the map F(x,y) with different competition circumstances (a = 0.2,b = 2).
In this scenario, the x species shows the usual reverse period doubling behavior as in the case of
a = b, but the y species exhibits unusual behavior.
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Figure 4.12 : Maximum Lyapunov exponent (LE) of the map F(x,y) at parameters a =0.5, b =0.5,
s = 0.5 and different r values with respect to parameter f3.
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Figure 4.13 : Bifurcation diagrams showing the changes in the y species of F(x,y) at parameters s =0.5,
a=0.2, b =2 values with increasing r values.

At the small value of r and constant s value, the y population is at an equilibrium state with respect
to the bifurcation parameter 8, but as the r value increases, the y population survives for less and
less generation. For a sufficiently large value of r, the y population becomes extinct, as shown in
Figure 4.13. With this type of competition in which (a < b), the x population survives for a large
range of B value while the y population survives for a very small range of . The y population can
survive if we increase the carrying capacity of y species, too.

Case (ii)-(b): Consider the map F(x,y) with the following competition parameters a =2, b =0.2.
In this situation, the x population follows the regular reverse period-doubling bifurcation before
being extinct. In this route, the x species undergoes a bubbling process. Bubbling is a process in
which the period doubling route to reach the chaos is broken in between, and the system immediately
takes the reverse period doubling route. In this process, a bubble-like structure is formed. Clearly,
the bubble is formed between two f values, say B; and B, such that the derivative of the function
takes -1 value at B = fB; for i = 1,2. Table 4.1 shows the parameter values in which the chaotic,
secondary, and primary bubble is formed. Figure 4.14(a), (b), and (c) shows the presence of a
chaotic bubble, secondary bubble, and primary bubble, respectively, in the bifurcation diagram of
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Figure 4.14 : Bubbling in the x species at the parameter r =3.5, a =2, b =0.2 and different s values.
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Chaotic Bubble | 1.567 | 1.87
Secondary Bubble | 1.197 | 2.241
Primary Bubble | 1.507 | 2.249

Table 4.1 : The nature of bubble formed between ; and f3,.

x species. More about the bubbling process in the population model can be found in [Bier and
Bountis, 1984; Liz, 2010; Liz and Hilker, 2012; Zipkin et al., 2009]. Here, the y species also survive
but does not follow the reverse period doubling route to reach the equilibrium state.

4.7 CONCLUSION

In this work, we have discussed the nonlinear dynamics of the proposed discrete-time
population model, namely the 2D Homographic Ricker map. The map is obtained by introducing a
Holling type II functional response as a growth function in the classical 2D Ricker-type competition
model. We showed the boundedness of the solutions and the uniqueness of the coexisting fixed
point of the proposed map. With the help of critical curves and singular points, we discussed the
geometry of the map and proved that all the points in the domain of the 2D Homographic Ricker
map are either regular, fold, or cusp in nature. Furthermore, we used the centre manifold theory
to explain the local stability of the fixed points of the map F(x,y). Using bifurcation theory, we
obtained some conditions under which the map exhibits the flip bifurcation. Also, we discussed
the fold and flip bifurcation curves associated with different fixed points of the 2D Homographic
map. Finally, with the help of numerical simulations, we illustrated the stability of the coexisting
positive fixed point and the bifurcation analysis of the competing x and y species.
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4.8 APPENDIX

The bifurcation diagrams of the map F(x,y) at different parameters are given as follows:

=3 =3
o ~

Y

2
Population

Population x

o
)

0.1F

Parameter g Parameter 3

(a) r=0.5 (b) r=10.5

Population x
Population y

2 01 02 03 04 05 06 07 08 09 1

Parameter g Parameter 3

(c) r=2.5 (d) r=25

Population x
Population y

0 L . L
0.2 0.4 0.6 0.8 1

Parameter g Parameter 3

(e) r =3.5 | (f) r =3.5

Figure 4.15 : Bifurcation diagram of x and y species of the map F(x,y) with respect to the parameter
B at s=0.5, a=0.5 b=0.5 and different r values.
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