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Selection of Driver Nodes in Continuous-Time Complex

Networks Based on Region of Attraction

5.1 INTRODUCTION

ROA n
ROA

ROA

5.2
5.3

ROA
5.4 5.5

5.6

5.2 MODELING OF COMPLEX NETWORKSWITH SATURATED ACTUATORS
n G := (V,E) V :=

{1,2, . . . ,n} E ⊆ V×V
G A ai j ∈ R>0∪{0}

i j 0 G q
ND = {N1,N2, . . . ,Nq} Ni, i = 1,2, . . . ,q

m≤ n
G Ū

ND Ū := {U1,U2, . . . ,Uq} Ui := {ui1,ui2, . . . ,uim}
i = 1,2, ..q Ui m Ui
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Figure 5.1 : Cycle network of four nodes controllable with four sets of driver nodes with set (a) N1 =
{1,2}, (b) N2 = {1,4}, (c) N3 = {2,3}, and (d) N4 = {3,4}

n = 4
m = 2

ND = {N1,N2,N3,N4} N1 = {1,2} N2 = {1,4} N3 = {2,3}
N4 = {3,4}

Ū = {U1,U2,U3,U4} Ui ∈R2×1

i = 1,2,3,4 U1 = {u11,u12} U2 = {u21,u22} U3 = {u31,u32}
U4 = {u41,u42}

5.1 Ui m
Ui := [ui1,ui2, . . . ,uim]T

i = 1,2, ..q

Ui
Bi

ẋ(t) = Ax(t) + Bisati(Ui(t))

A ∈ Rn×n x ∈ Rn×1 Ui ∈ Rm×1

G Ui
Bi ∈ Rn×m Bi ith n

Ni i = 1,2, . . . ,q sati
sati : Rm → Rm sati( i) = [sati1(ui1),sati2(ui2), . . . ,satim(uim)]

sati j(ui j) = sign(ui j)min{ui j,max, |ui j|} ui j,max > 0 ∀ i = 1,2, . . . ,q j = 1,2, . . . ,m
jth Ui ∈Rm

ui j,max = 1, ∀ i = 1,2, . . . ,q and j = 1,2, . . . ,m

Remark (m = 1)
1

(5.1)

Ui(t) :=−Kix(t) =−R−1BT
i Pix(t)
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R> 0 Pi > 0
Q> 0

AT Pi + PiA−PiBiR−1BT
i Pi +Q = 0

(5.2) U :=
UL +UH := − 1

ΦR−1BT
i Pix− 1

ΨR−1BT
i Pix Φ−1 +Ψ−1 = 1 Φ,Ψ > 0

Φ= 2 Ψ= 2
UL = UH = − 1

2R−1BT
i Pix

Remark ROA

U =−Kx

(5.2) (5.1)
(Pi, i)

(Pi, i) = {x : xT Pix≤ i}

i(> 0) (Pi, i) (5.1)

(5.2)
(5.1)

i :=
j

�4r2j u
2
j,max

bT
j Pib j

�

i = 1,2, . . . ,q; j = 1,2, . . . ,m rj jth R > 0 u j,max
jth U bj jth

Bi ∈ Rn×m

uj,max = 1 r j = 1 j = 1,2, . . . ,m (5.5)

(5.3), (5.5)
Bi Pi > 0 i

ROA

ROA LHG
LQ

ROA

LMI

LMI

DOA
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P ROA ROA

5.3 SELECTION OF OPTIMAL DRIVER NODES

ROA (5.1)
A ROA

(5.1)
5.3.4

5.3.1 Problem Setup
q

ND = {N1,N2, . . . ,Nq} Ni, i = 1,2, . . . ,q m≤ n

ND

ND Ū := {U1,U2, . . . ,Uq}
Ui := {ui1,ui2, . . . ,uim} i = 1,2, ..q Ui m

ROA
(5.2)

ND ROA
ND

(5.2)

5.3.2 Region of Attraction and Selection of Optimal Set of Driver Nodes of Anti-Stable Net-
worked Systems With Saturated Actuators

ROA (5.1)
A

A
A (5.1)

q
m ROA i (5.1)

Pi CARE
(5.3)

Theorem (5.1) Ui

(5.2) ROA (5.5)

Voli ROA

Voli =
Vol(S(0,

√
i))�

det(Pi)

Vol(S(0,
√

i)) n (n≥ 3)
√

i

det(Pi) Pi
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Vol(S(0,
√

i))

Vol(S(0,
�

i)) =
( i)

n
2

Γ
� n
2 +1

�

n (5.1) Γ(.)
Γ( ) =

� ∞
0 t −1e−tdt

(R( )> 0)

ROA
(5.2) ith

Largest Volume = maxi{Voli}, i = 1,2, . . . ,q

Proof: (Pi, i) =
{x : xT Pix≤ i} (5.1)

xT Pix = i

ROA

Voli =

x jmax�
· · ·

�

� �� �
x jmin , j=1,..,n

dx1dx2....dxn� �� �

x jmin x jmax jth

x = Tiy Ti > 0 y ∈ Rn

(5.8)

yT T T
i PiTiy = i

Ti T T
i PiTi = In×n In×n

n× n Ti = ((Mi
√

Di)
−1)T Mi

Pi Di
Pi

x = Tiy dx1 dx2 . . . dxn� �� � = ( 1√
det(Pi)

) dy1 dy2 . . . dyn� �� �
(5.9)

Voli =
� 1�

det(Pi)

�
y jmax�
· · ·

�

� �� �
y jmin , j=1,...,n

dy1 dy2 . . . dyn� �� �

(5.10) yT y = i y21 + y22 + . . .+ y2n = i

n (n≥ 3)

Vol(S(0,
�

i)) :=

y jmax�
· · ·

�

� �� �
y jmin , j=1,...,n

dy1 dy2 . . . dyn� �� �
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√
i

�
0 sin d

�
0 sin2 d . . .

�
0 sinn d =

n
2

Γ( n
2+1) Γ(.)

y1 = r sin 1 sin 2 . . . sin n−1;y2 = r cos 1 sin 2 . . .sin n−1;
y3 = r cos 2 sin 3 . . .sin n−1; . . . ;yn−1 = rcos n−2 sin n−1;yn = rcos n−1 0≤ t ≤

√
,0≤ 1≤ 2

0≤ i ≤ i = 2,3, . . . ,n

dy1 dy2 . . . dyn = ((−1)n−1 rn−1 sin 2 sin2 3 . . .sinn−2
n−1)(dr d 1 d 2 . . . d n−1)

(5.13) (5.12)
(5.11) (5.12) (5.6) (5.6) (5.7)

Voli =
( i)

n
2

�
det(Pi) Γ

� n
2 +1

�

ROA
ROA (5.2) ith

ROA 5.1

Corollary n = 2 Areai

Areai =
i�

det(Pi)

Areai > Area j ⇐⇒ 2
j det(Pi) <

2
i det(Pj) i �= j = 1,2 ith

(5.1)

Areamax Volmax ROA n
q 5.1

Algorithm ROA
(5.1)

G := (V,E) n q
m Q> 0 R = Im×m

ROA ith

(5.1)

i = 1 : q
Bi Ui

Pi > 0 CARE (5.3)

i ROA (5.5)
Areai/Voli ROA (5.15) (5.14)

Areamax / Volmax
Areamax / Volmax =

i
{Areai / Voli | i = 1,2, . . . ,q}

1
i = 1 : q
Areamax = Areai Volmax = Voli
maxindex(index,1) = i
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Areamax Volmax

Remark ROA ROA

5.3.3 RegionofAttractionandSelectionofOptimal SetofDriverNodesofUnstableNetworked
SystemsWith Saturated Actuators

q
m (5.1)

A
ROA

ROA
V x = Vz

x z

(5.1)

ż(t) = Ãz(t) + B̃isati(Ui(t))

Ui ∈ Rm×1; |ui j,max|= 1; i = 1,2, . . . ,q and j = 1,2, . . . ,m

Ã

Ã = V−1AV =

�
Ã1 0

0 Ã2

�

Ã1 ∈Rl×l Ã2 ∈ R(n−l)×(n−l)

B̃i

B̃i = V−1Bi =

�
B̃1i

B̃2i

�

B̃1i ∈ Rl×m B̃2i ∈ R(n−l)×m n
(5.1) l B̃1i

B̃1i = [b̃1i1, b̃
1
i2, . . . , b̃

1
im] b̃1i j jth

B̃1i B̃2i
B̃2i = [b̃2i1, b̃

2
i2, . . . , b̃

2
im] b̃2i j jth

B̃2i

(5.16)
�

ż1(t)

ż2(t)

�
=

�
Ã1 0

0 Ã2

��
z1(t)

z2(t)

�
+

�
B̃1i

B̃2i

�
sati( i(t))

(5.19)

ż1(t) = Ã1z1(t) + B̃1isati(Ui(t))
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Remark ROA
(5.20)

(5.20)

Ui(t) :=−Hz1

H = R−11 B̃T
1iP̃1i

P̃1i > 0 CARE
(5.20) Q̃1 > 0

ÃT
1 P̃1i + P̃1iÃ1− P̃1iB̃1iR−11 B̃T

1iP̃1i + Q̃1 = 0

R1 > 0

˜
1i (P̃1i, ˜1i) = {z1 : zT

1 P̃1iz1 ≤ ˜
1i}

(5.20)

˜
1i =

j

�
4r21iu

2
i j,max

b̃1,Ti j P̃1ib̃1i j

�

b̃1i j jth B̃1i
ui j,max = 1 r1i = 1 i = 1,2, . . . ,q j = 1,2, . . . ,m

Theorem (5.20) (5.21)
ROA (5.23)

ROA (5.20)

Vol1i =
( ˜1i)

l
2

Γ
� l
2 +1

��
det(P̃1i)

det(P̃1i) P̃1i l
(5.20) Γ(.)

Γ( ) =
� ∞
0 t −1e−tdt (R( )> 0)

ROA (5.21)
ith

Largest Volume = maxi{Vol1i}, i = 1,2, . . . ,q

Proof:
(P̃1i, ˜1i) = {z1 : zT

1 P̃1iz1 ≤ ˜1i} (5.20)

zT
1 P̃1iz1 = ˜

1i

ROA

Vol1i =

z1 jmax�
· · ·

�

� �� �
z1 jmin

, j=1,..,l

dz11dz12 ....dz1l� �� �
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z1 jmin
z1 jmax

z1 jth

z1 = T̃1iy1 T̃1i > 0 y1 ∈ Rl

(5.25)

yT
1 T̃ T

1i P̃1iT̃1iy1 = ˜
1i

T̃1i T̃ T
1i P̃1iT̃1i = Il×l Il×l

l× l T̃1i = ((M̃1i
�

D̃1i)
−1)T M̃1i

P̃1i D̃1i
P̃1i

z1 = T̃1iy1 dz11 dz12 . . . dz1l� �� �= ( 1√
det(P̃1i)

) dy11 dy12 . . . dy1l� �� �
(5.26)

Vol1i =
� 1�

det(P̃1i)

�
y1 jmax�
· · ·

�

� �� �
y1 jmin

, j=1,...,l

dy11 dy12 . . . dy1l� �� �

(5.27) yT
1 y1 = ˜

1i y211 +y212 + . . .+y21l
= ˜

1i

l (l ≥ 3)

Vol1(S(0,
�

˜
1i)) :=

y1 jmax�
· · ·

�

� �� �
y1 jmin

, j=1,...,l

dy11 dy12 . . . dy1l� �� �

�
˜1i

�
0 sin d

�
0 sin2 d . . .

�
0 sinl d =

l
2

Γ( l
2+1)

Γ(.)

y11 = r sin 1 sin 2 . . .sin l−1;y12 = rcos 1 sin 2 . . .sin l−1;
y13 = rcos 2 sin 3 . . .sin l−1; . . . ;y1l−1 = r cos l−2 sin l−1;y1l = r cos l−1 0≤ t ≤

�
˜
1,0≤ 1 ≤

2 0≤ i≤ i = 2,3, . . . , l

dy11 dy12 . . . dy1l = ((−1)l−1 rl−1 sin 2 sin2 3 . . .sinl−2
l−1)(dr d 1 d 2 . . . d l−1)

(5.30) (5.29)
(5.28) (5.29) ROA

Vol1i =
Vol1(S(0,

�
˜
1i))�

det(P̃1i)

Vol1(S(0,
�

˜1i)) l (l ≥ 3)
�

˜1i
det(P̃1i) P̃1i

Vol1(S(0,
�

˜
1i))

Vol1(S(0,
�

˜
1i)) =

( ˜
1i)

l
2

Γ
� l
2 +1

�
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l (5.20) Γ(.)
Γ( ) =

� ∞
0 t −1e−tdt

(R( )> 0)

(5.31) (5.32)

Vol1i =
( ˜1i)

l
2

�
det(P̃1i) Γ

� l
2 +1

�

ROA
ROA (5.21) ith

ROA 5.2

Corollary l = 2 ROA
(5.20) ROA (5.15)

Areamax Volmax ROA
n l l < n 5.2

Algorithm ROA
(5.1)

G := (V,E) n l
q m Q̃1 > 0 R1 = Im×m Im×m

m×m
ROA ith

(5.1)

Ã (5.17)
i = 1 : q

Bi ∈Rn×m (5.1)
B̃i (5.18)

P̃1i (5.22)
˜
1i ROA (5.23)

Areai/Voli ROA (5.15) (5.24)

Areamax / Volmax
Areamax / Volmax =

i
{Areai / Voli | i = 1,2, . . . ,q}

1
i = 1 : q
Areamax = Areai Volmax = Voli
maxindex(index,1) = i

Areamax Volmax

Remark ROA

Remark
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5.3.4 Computational Aspects for Large Complex Networks

ROA

P CARE

P CARE

ADI
CARE

P

ROA
O(nq3) n q

5.4 SIMULATION RESULTS AND DISCUSSION

Example
5.2

u1
v1 v1v2 v2

u2

1 1

(a) (b)

2 1

1 1

12

Figure 5.2 : Two nodes network with input (a) u1, and (b) u2

A =

�
2 1

1 1

�
, B1 =

�
1

0

�
, B2 =

�
0

1

�

Bi ith
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(A) = {0.3820,2.6180} Q = I2, ri = 1 i = 1,2
CARE (5.3) Bi

1 2 (5.15) 0.2473 0.2014
ROA 5.1 0.2473

5.1 5.3
5.3 ROA ROA

ROA 5.1

−0.5 0 0.5

−0.4

−0.2

0

0.2

0.4

0.6

x
1

x 2

 

 

With Input u
1

With Input u
2

Figure 5.3 : Regionof Attractions (ROA’s) of the network considered in Example5.1 for different control
input matrices Bi

Table 5.1 : Area of the ROA for different driver nodes of network considered in Example 5.1

ROA Areai
Areamax

Example
5.4

A =





0 0.0178 0.3410 0.5807

0.0659 0 0.6175 0.6207

0.5694 0.5547 0 0.5997

0.4501 0.0190 0.0143 0




, B1 =





1

0

0

0




, B2 =





0

1

0

0




, B3 =





0

0

1

0




, B4 =





0

0

0

1




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V1 V2

V3V4

0.0178

0.0659

0
.5

5
4
7

0.5997

0.0143
1

u4

Figure 5.4 : Four nodes network with control input u4 and it can also be controlled by other individual
driver node i.e. u1, u2 & u3

Bi
5.4 (A) = {0.9613,0.1318,−0.7706,

−0.3225}
(5.19) (5.20) Q̃1 = I2, R1 = 1

CARE (5.22) Bi
5.2

5.5

5.5
1 2 3

ROA

ROA 5.2
5.2 5.2 ROA 0.9449

4 5.2

Table 5.2 : Area of the ROA for different driver nodes of network considered in Example 5.2

ROA Areai
Areamax
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−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8
−1.5

−1

−0.5

0

0.5

1

1.5

z
1

z 2

 

 
ROA for B

1
=[1 0 0 0]T

ROA for B
2
=[0 1 0 0]T

ROA for B
3
=[0 0 1 0]T

ROA for B
4
=[0 0 0 1]T

Figure 5.5 : RegionofAttractions (ROA’s) of the network considered in Example5.2 for different control
input matrices Bi

Example
5.6

2

3

4

5

8

17

6

u2

u1

Figure 5.6 : Network of eight nodes controllable with a set of two driver nodes (red color) {1,7}

5.6
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A =





0 1 1 0 0 0 0 0

1 0 1 1 0 0 0 0

1 1 0 1 1 0 0 0

0 1 1 1 1 1 0 0

0 0 1 1 0 1 1 0

0 0 0 1 1 0 1 1

0 0 0 0 1 1 0 1

0 0 0 0 0 1 1 0





, B1 =





1 0

0 1

0 0

0 0

0 0

0 0

0 0

0 0





, B2 =





1 0

0 0

0 1

0 0

0 0

0 0

0 0

0 0





,

B3 =





1 0

0 0

0 0

0 0

0 0

0 0

0 1

0 0





, B4 =





1 0

0 0

0 0

0 0

0 0

0 0

0 0

0 1





, B5 =





0 0

1 0

0 1

0 0

0 0

0 0

0 0

0 0





, B6 =





0 0

1 0

0 0

0 0

0 0

0 1

0 0

0 0





, B7 =





0 0

1 0

0 0

0 0

0 0

0 0

0 0

0 1





,

B8 =





0 0

0 0

1 0

0 0

0 0

0 1

0 0

0 0





, B9 =





0 0

0 0

1 0

0 0

0 0

0 0

0 1

0 0





, B10 =





0 0

0 0

0 0

0 0

0 0

1 0

0 1

0 0





, B11 =





0 0

0 0

0 0

0 0

0 0

1 0

0 0

0 1





, B12 =





0 0

0 0

0 0

0 0

0 0

0 0

1 0

0 1





(m = 2)
N1 = {1,2}, N2 = {1,3}, N3 = {1,7}, N4 =

{1,8}, N5 = {2,3}, N6 = {2,6}, N7 = {2,8}, N8 = {3,6}, N9 = {3,7}, N10 = {6,7}, N11 = {6,8}, N12 =
{7,8} B1 ∈R8×2 B12 ∈R8×2

(A) = {−1.9054,−1.5694,−1,−1,−0.0622,0.6744,2.1368,
3.7257}

(5.19) (5.20)
LQ Q̃1 = I3, R1 = 1 CARE

(5.22) Bi
(5.23) ROA ˜

1i i = 1,2, . . . ,q ˜
11 = 0.3645, ˜12 = 0.3670, ˜13 =

0.5861, ˜14 = 0.5652, ˜15 = 0.3853, ˜16 = 0.5661, ˜17 = 0.5539, ˜18 = 0.5405, ˜19 = 0.5801, ˜110 = 0.3914,
˜111 = 0.3688 ˜112 = 0.3636 b̃i j i = 1,2, . . . ,12 j = 1,2

5.3 ROA 0.019344
N3 = {1,7}

ROA
5.3 5.7
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5.7

ROA

5.3

Table 5.3 : Volume of the ROA for different sets of driver nodes of network considered in Example 5.3

Voli
Volmax

Bi ROA
N3 = {1,7} B3

N1 = {1,2} B1

N2 = {1,3} B2

N4 = {1,8} B4

N5 = {2,3} B5

N6 = {2,6} B6

N7 = {2,8} B7

N8 = {3,6} B8

N9 = {3,7} B9

N10 = {6,7} B10

N11 = {6,8} B11

N12 = {7,8} B12

Figure 5.7 : RegionofAttractions (ROA’s) of the network considered in Example 5.3 for different control
input matrices Bi
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5.5 APPLICATION TO ROBOT FORMATION CONTROL

5.8

Remark

8

4

2

9

1

5

3

6

7

Figure 5.8 : Network of nine robot nodes independently controllable with different sets of three driver
nodes

m = 3
N1 =

{1,2,3}, N2 = {1,2,7}, N3 = {1,2,8}, N4 = {1,2,9}, N5 = {1,3,7}, N6 = {1,3,8}, N7 = {1,3,9}, N8 =
{1,7,9}, N9 = {1,8,9}, N10 = {2,3,7}, N11 = {2,3,8}, N12 = {2,3,9}, N13 = {2,7,8}, N14 = {2,8,9},
N15 = {3,7,8}, N16 = {3,7,9} and N17 = {7,8,9}

B1 ∈ R9×3 B17 ∈ R9×3

Ū = {U1,U2, . . . ,U17} Ui ∈ R3×1 i = 1,2, . . . ,17 ROA

5.8 N1,N2, . . . ,N17

A =





0 0 0 0.0580 0 0 0 0 0

0 0 0 0 0.0630 0 0 0 0

0 0 0 0 0 0.0590 0 0 0

0.0580 0 0 0 0 0 0.0850 0.0920 0

0 0.0630 0 0 0 0 0.1610 0 0.0720

0 0 0.0590 0 0 0 0 0.1700 0.1010

0 0 0 0.0850 0.1610 0 0 0 0

0 0 0 0.0920 0 0.1700 0 0 0

0 0 0 0 0.0720 0.1010 0 0 0





,
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B1{1,2,3} =





1 0 0

0 1 0

0 0 1

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0





, B2{1,2,7} =





1 0 0

0 1 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 1

0 0 0

0 0 0





,B3{1,2,8} =





1 0 0

0 1 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 1

0 0 0





, B4{1,2,9} =





1 0 0

0 1 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 1





,

B5{1,3,7} =





1 0 0

0 0 0

0 1 0

0 0 0

0 0 0

0 0 0

0 0 1

0 0 0

0 0 0





, B6{1,3,8} =





1 0 0

0 0 0

0 1 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 1

0 0 0





, B7{1,3,9} =





1 0 0

0 0 0

0 1 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 1





,B8{1,7,9} =





1 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 1 0

0 0 0

0 0 1





,

B9{1,8,9} =





1 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 1 0

0 0 1





, B10{2,3,7} =





0 0 0

1 0 0

0 1 0

0 0 0

0 0 0

0 0 0

0 0 1

0 0 0

0 0 0





, B11{2,3,8} =





0 0 0

1 0 0

0 1 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 1

0 0 0





, B12{2,3,9} =





0 0 0

1 0 0

0 1 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 1





,

B13{2,7,8} =





0 0 0

1 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 1 0

0 0 1

0 0 0





, B14{2,8,9} =





0 0 0

1 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 1 0

0 0 1





, B15{3,7,8} =





0 0 0

0 0 0

1 0 0

0 0 0

0 0 0

0 0 0

0 1 0

0 0 1

0 0 0





, B16{3,7,9} =





0 0 0

0 0 0

1 0 0

0 0 0

0 0 0

0 0 0

0 1 0

0 0 0

0 0 1





,
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B17{7,8,9} =





0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1





5.8 (A) =
{−0.2407,−0.1760,−0.0884,0,0,0,0.0884,0.1760,0.2407}

Ã1 ∈ R6×6 B̃1i ∈ R6×3 i = 1,2, . . . ,17

Ã1 =





0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0.0884 0 0

0 0 0 0 0.1760 0

0 0 0 0 0 0.2407





, B̃11{1,2,3} =





0.2929 0.8375 −0.3092
−0.4550 0.3647 0.5135

−0.6010 −0.0715 −0.7219
0.4076 −0.1791 −0.1514
0.0215 0.1982 −0.1458
−0.0800 −0.0945 −0.1249




,

B̃12{1,2,7} =





0.2929 0.8375 −0.3229
−0.4550 0.3647 0.1223

−0.6010 −0.0715 0.0735

0.4076 −0.1791 0.1397

0.0215 0.1982 0.5381

−0.0800 −0.0945 −0.3587





, B̃13{1,2,8} =





0.2929 0.8375 0.1137

−0.4550 0.3647 0.1738

−0.6010 −0.0715 0.3110

0.4076 −0.1791 0.2103

0.0215 0.1982 −0.3859
−0.0800 −0.0945 −0.4867





,

B̃14{1,2,9} =





0.2929 0.8375 −0.0107
−0.4550 0.3647 −0.5926
−0.6010 −0.0715 −0.1018
0.4076 −0.1791 −0.4638
0.0215 0.1982 −0.0230
−0.0800 −0.0945 −0.3217





, B̃15{1,3,7} =





0.2929 −0.3092 −0.3229
−0.4550 0.5135 0.1223

−0.6010 −0.7219 0.0735

0.4076 −0.1514 0.1397

0.0215 −0.1458 0.5381

−0.0800 −0.1249 −0.3587





,
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B̃16{1,3,8} =





0.2929 −0.3092 0.1137

−0.4550 0.5135 0.1738

−0.6010 −0.7219 0.3110

0.4076 −0.1514 0.2103

0.0215 −0.1458 −0.3859
−0.0800 −0.1249 −0.4867





, B̃17{1,3,9} =





0.2929 −0.3092 −0.0107
−0.4550 0.5135 −0.5926
−0.6010 −0.7219 −0.1018
0.4076 −0.1514 −0.4638
0.0215 −0.1458 −0.0230
−0.0800 −0.1249 −0.3217





,

B̃18{1,7,9} =





0.2929 −0.3229 −0.0107
−0.4550 0.1223 −0.5926
−0.6010 0.0735 −0.1018
0.4076 0.1397 −0.4638
0.0215 0.5381 −0.0230
−0.0800 −0.3587 −0.3217





, B̃19{1,8,9} =





0.2929 0.1137 −0.0107
−0.4550 0.1738 −0.5926
−0.6010 0.3110 −0.1018
0.4076 0.2103 −0.4638
0.0215 −0.3859 −0.0230
−0.0800 −0.4867 −0.3217





,

B̃110{2,3,7} =





0.8375 −0.3092 −0.3229
0.3647 0.5135 0.1223

−0.0715 −0.7219 0.0735

−0.1791 −0.1514 0.1397

0.1982 −0.1458 0.5381

−0.0945 −0.1249 −0.3587





, B̃111{2,3,8} =





0.8375 −0.3092 0.1137

0.3647 0.5135 0.1738

−0.0715 −0.7219 0.3110

−0.1791 −0.1514 0.2103

0.1982 −0.1458 −0.3859
−0.0945 −0.1249 −0.4867





,

B̃112{2,3,9} =





0.8375 −0.3092 −0.0107
0.3647 0.5135 −0.5926
−0.0715 −0.7219 −0.1018
−0.1791 −0.1514 −0.4638
0.1982 −0.1458 −0.0230
−0.0945 −0.1249 −0.3217





, B̃113{2,7,8} =





0.8375 −0.3229 0.1137

0.3647 0.1223 0.1738

−0.0715 0.0735 0.3110

−0.1791 0.1397 0.2103

0.1982 0.5381 −0.3859
−0.0945 −0.3587 −0.4867





,

B̃114{2,8,9} =





0.8375 0.1137 −0.0107
0.3647 0.1738 −0.5926
−0.0715 0.3110 −0.1018
−0.1791 0.2103 −0.4638
0.1982 −0.3859 −0.0230
−0.0945 −0.4867 −0.3217





, B̃115{3,7,8} =





−0.3092 −0.3229 0.1137

0.5135 0.1223 0.1738

−0.7219 0.0735 0.3110

−0.1514 0.1397 0.2103

−0.1458 0.5381 −0.3859
−0.1249 −0.3587 −0.4867





,

B̃116{3,7,9} =





−0.3092 −0.3229 −0.0107
0.5135 0.1223 −0.5926
−0.7219 0.0735 −0.1018
−0.1514 0.1397 −0.4638
−0.1458 0.5381 −0.0230
−0.1249 −0.3587 −0.3217





, B̃117{7,8,9} =





−0.3229 0.1137 −0.0107
0.1223 0.1738 −0.5926
0.0735 0.3110 −0.1018
0.1397 0.2103 −0.4638
0.5381 −0.3859 −0.0230
−0.3587 −0.4867 −0.3217





ROA
5.2 5.4 5.4

ROA N17 = {7,8,9}
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5.4
95%

N17 = {7,8,9}

Table 5.4 : Volumeof the ROA for different sets of driver nodes in application of robot formation control

Voli
Volmax

Bi ROA
N17 = {7,8,9} B17

N1 = {1,2,3} B1

N2 = {1,2,7} B2

N3 = {1,2,8} B3

N4 = {1,2,9} B4

N5 = {1,3,7} B5

N6 = {1,3,8} B6

N7 = {1,3,9} B7

N8 = {1,7,9} B8

N9 = {1,8,9} B9

N10 = {2,3,7} B10

N11 = {2,3,8} B11

N12 = {2,3,9} B12

N13 = {2,7,8} B13

N14 = {2,8,9} B14

N15 = {3,7,8} B15

N16 = {3,7,9} B16

5.6 SUMMARY

ROA
60%

95%

83




