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Robustness of Complex Networks Based on Minimum

Sensitivity

4.1 INTRODUCTION

4 14

4.2

4.3

4.4 4 14
4.5 4.6

4.2 PRELIMINARIES

ẋ(t) = Ax(t) +Bcu(t)

y(t) = Cox(t)

A∈Rn×n Bc ∈Rn×m Co ∈Rr×n

x ∈ Rn×1 y ∈ Rr×1

u ∈ Rm×1
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A i ∈ R
c o

3

ui m = 1

Gco(s) =
N(s)
D(s)

= kg f
smz +bmz−1s

mz−1 + . . .+ b1s + b0
sn + an−1sn−1 + . . .+a1s +a0

(4.2)

Gco(s) =
Y (s)
U(s)

= Co(sI−A)−1Bc = kg f
∏mz

i=0(s− zi)

∏n
i=0(s− pi)

mz n
kg f
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Figure 4.1 : Standard block diagram of feedback networked system configuration

G K
r dd Gco(s)

K(s)
G(s) G(s) = Gco(s)K(s)

y = G(I +G)−1r +(I +G)−1dd

e = r− y = (I +G)−1(r−dd)

dd = 0

M(s) =
Y (s)
R(s)

=
G(s)

1+G(s)

(4.1)
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Definition NS(s)
N(s)

D(s)

NS(s)N(s)
D(s) =

% change in N(s)
% change in D(s)

=

N(s)
N(s)
D(s)

D(s)

NS(s)N(s)
D(s) N(s) D(s)

NS(s)
NS(s)M(s)

G(s) M(s)
G(s)

NS(s)M(s)
G(s) =

M(s)
M(s)
G(s)

G(s)

=
G(s)
M(s)

M(s)
G(s)

=
1

1+ G(s)
= (1+G(s))−1

kg f g
(4.1)

4.3 EFFECT OF NETWORK STRUCTURE ON SENSITIVITY
kg f g

NS(s)
(4.1) kg f

4.3.1 Effect of Gain Factor on Sensitivity
(s = 0) (4.2)

Gco(0) =
N(0)

D(0)
= kg f

b0
a0

kg f kg := |b0a0
|

kg ∈R+∪{0}

(4.1) kg f

NS(0)
M(0)
G(0) = NS(0)

M(0)
kg f

=
1

1+ Gco(0)K(o)
=

1
1+ kg f kgK(0)

= (1+ kg f kgK(0))−1

kg f (4.2) K(0) ∈ R+∪{0}

c
o kg f

4.1

Lemma (4.1)

NS(0)
M(0)
kg f

= (1+ K(0)kg

pq

∑
i=1

d

∏
j=1

wi j)
−1
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pq d c
o wi j j i

Proof: kg f (3.6) 3 (4.9)

NS(0)
M(0)
kg f

=
1

1+(K(0)kg∑
pq
i=1∏

d
j=1 wi j)

= (1+(K(0)kg

pq

∑
i=1

d

∏
j=1

wi j))
−1

kg f = w = ∑pq
i=1∏

d
j=1 wi j pq

d wi j i j
(o,c)th Ad

d c o kg f
(o,c)th Ad 3.1 3

kg f (4.11)

4.1

1
g

4.3.2 Effect of Distance on Sensitivity
(4.1) g

NS(0)
M(0)
G(0) = NS(0)

M(0)
g =

1
1+Gco(0)K(0)

=
1

1+K(0)|g| = (1+K(0)|g|)−1

g (3.14) 3 K(0) ∈ R+∪{0}

(4.12)
g

(1+ K(0)|g|)

c o g

Lemma (4.1)
d = n−1

NS(0)
M(0)
g =

�
1+K(0)

SOP o f weights o f paths o f length (n−1) between o & c
det(A)

�−1

Proof: (4.12) g

NS(0)
M(0)
G(0) = NS(0)

M(0)
g =

1
1+Gco(0)K(0)

=
1

1+K(0)|g| = (1+K(0)|g|)−1
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g g
(3.15) 3 (4.14)

NS(0)
M(0)
g =

1

1+ K(0)SOP o f weights o f paths o f length (n−1) between o & c
det(A)

=

�
1+K(0)

SOP o f weights o f paths o f length (n−1) between o & c
det(A)

�−1

(o,c)th Ad

det(A) d = n−1 g (o,c)th

Ad

det(A) 3.1 3
g (4.15)

(n− 1)
4.2

4.4 SIMULATION RESULTS AND DISCUSSION
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Figure 4.2 : Two weighted networks of n = 16 nodes have 6 individual driver nodes which are
{1,3,6,12,13,16} (shown in red color) and one output node which is {9} (shown in green
color) with the same distance d = 2 between a pair of control and output nodes but topol-
ogy with a single change in topology (a) The original network with 28 edges (b) One edge
(shown in red color) between node 7 and node 9 added in original network in Figure 4.2(a)

4.2(a)
A ∈R16×16
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A =





0 0.1 0 0 0 0.2 0 0 0 0 0 0 0 0.4 0.3 0

0.1 0 0 0 0 0.8 0 0 0.6 0 0 0 0 1.2 0 1.3

0 0 0 1 0 0 0 0 0 2 2.2 0 0 0 1.6 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0.7 1.5 0 3 0 0 0 0 0

0.2 0.8 0 0 0 0 1.4 0 0 0 0 0 0 0 0 2.5

0 0 0 0 0 1.4 0 0 0 0 0 0 0 0 3.2 0

0 0 0 0 0.7 0 0 0 1.4 1.3 0 0 0 2.7 0 3.2

0 0.6 0 0 1.5 0 0 1.4 0 0.5 0.7 0 0 0 0.4 0

0 0 2 0 0 0 0 1.3 0.5 0 0 0 1.9 2.8 0 0

0 0 2.2 0 3 0 0 0 0.7 0 0 1.4 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1.4 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1.9 0 0 0 0 0 0

0.4 1.2 0 0 0 0 0 2.7 0 2.8 0 0 0 0 0 0

0.3 0 1.6 0 0 0 3.2 0 0.4 0 0 0 0 0 0 0

0 1.3 0 0 0 2.5 0 3.2 0 0 0 0 0 0 0 0





A ∈ R16×16

4.2(b)

A =





0 0.1 0 0 0 0.2 0 0 0 0 0 0 0 0.4 0.3 0

0.1 0 0 0 0 0.8 0 0 0.6 0 0 0 0 1.2 0 1.3

0 0 0 1 0 0 0 0 0 2 2.2 0 0 0 1.6 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0.7 1.5 0 3 0 0 0 0 0

0.2 0.8 0 0 0 0 1.4 0 0 0 0 0 0 0 0 2.5

0 0 0 0 0 1.4 0 0 0.7 0 0 0 0 0 3.2 0

0 0 0 0 0.7 0 0 0 1.4 1.3 0 0 0 2.7 0 3.2

0 0.6 0 0 1.5 0 0.7 1.4 0 0.5 0.7 0 0 0 0.4 0

0 0 2 0 0 0 0 1.3 0.5 0 0 0 1.9 2.8 0 0

0 0 2.2 0 3 0 0 0 0.7 0 0 1.4 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1.4 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1.9 0 0 0 0 0 0

0.4 1.2 0 0 0 0 0 2.7 0 2.8 0 0 0 0 0 0

0.3 0 1.6 0 0 0 3.2 0 0.4 0 0 0 0 0 0 0

0 1.3 0 0 0 2.5 0 3.2 0 0 0 0 0 0 0 0





Bi ∈R16×1

Ci ∈ R1×16 ith

1 0 6
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{1,3,6,12,13,16} {9} Bi i = 1,2, . . . ,6
B1,B2, . . . ,B6

9

d = 2
0.7

4.2(b) 7 9 4.2(b)
4.2(a)

4.2(a)
4.1 4.2(b)

4.2

4.2 4.1 4.2
4.1 4.2

{12,9}
4.2(b)

4.2(a) 7 9
2

Table 4.1 : Sensitivity for different sets of control and output nodes of the networked system shown in
Figure 4.2(a)

NSi−NSmin
NSmin

NS
{12,9}
{1,9}
{3,9}
{6,9}
{13,9}
{16,9}

Table 4.2 : Sensitivity for different sets of control and output nodes of the modified networked system
shown in Figure 4.2(b)

NSi−NSmin
NSmin

NS
{12,9}
{1,9}
{3,9}
{6,9}
{13,9}
{16,9}

Example n = 15 4.3

4.3(a)
A ∈R15×15
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Figure 4.3 : Two weighted networks of n = 15 nodes has a pair of input-output nodes which is {7,14}
(shown in red andgreen color respectively)with the samedistance d = 5 (or diam = 5 of the
network) between this pair but topology with a single change in topology (a) The original
network with 27 edges (b) One edge (shown in red color) between node 10 and node 13
added in original network in Figure 4.3(a)

A =





0 1 2 0 0 0 0 0 0 0 0 0 0 0 4

1 0 2.1 3 0 0 0 0 0 0 0 0 0 0 0

2 2.1 0 0.1 0 0 0 0 0 0 0 0.7 0 0 0.5

0 3 0.1 0 5 2 0 0.5 0 0 0.6 0.8 0 0 0

0 0 0 5 0 3 2 6 0 0 0 0 0 0 0

0 0 0 2 3 0 0.4 0 0 0 0 0 0 0 0

0 0 0 0 2 0.4 0 0 0 0 0 0 0 0 0

0 0 0 0.5 6 0 0 0 2 4 0 0 0 0 0

0 0 0 0 0 0 0 2 0 3 0 0 0 0 0

0 0 0 0 0 0 0 4 3 0 0.5 0 0 0 0

0 0 0 0.6 0 0 0 0 0 0.5 0 2 5 0 0

0 0 0.7 0.8 0 0 0 0 0 0 2 0 3 0 0

0 0 0 0 0 0 0 0 0 0 5 3 0 0.2 0.6

0 0 0 0 0 0 0 0 0 0 0 0 0.2 0 2

4 0 0.5 0 0 0 0 0 0 0 0 0 0.6 2 0





4.3(a)
4.3(b) A∈R15×15

4.3(b)
a10,13 = a13,10 = 5 a10,13 = a13,10 = 0.4

B ∈ R15×1

C ∈ R1×15 ith

1 0 1
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7
14

d = 5 diam = 5

4.3(b) 10 13 4.3(b)
4.3(a)

4.3(a)
{7,14} 0.034 4.3(b)

{7,14} 0.007 5 0.026 0.4

4.3 4.3(b)
4.3(a)

5 5
0.4

Example n = 21 4.4

72 3 4 5 6

1

91113

17

15 1214 10

16

8

18 19 20 21

72 3 4 5 6

1

91113

17

15 1214 10

16

8

18 19 20 21

Figure 4.4 : Two weighted networks of n = 21 nodes have pairs of input-output nodes which are
{(1,8),(1,9),(2,9),(8,15), (8,16)} (shown in red and green color respectively) with the
same distance d = 7 (or diam = 7 of the network) between these pair but topology with
a single change in topology (a) The original network with 26 edges (b) One edge (shown in
red color) between node 16 and node 17 added in original network in Figure 4.4(a)

4.4(a)
A ∈R21×21
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A =





0 1 0 0 0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0

1 0 0.5 0 0 0 0 0 0 0 0 0 0 0 0.2 2 0 0 0 0 0

0 0.5 0 4 0 0 0 0 0 0 0 0 0 0 0 0 3 5 0 0 0

0 0 4 0 0.5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0.5 0 0.6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0.6 0 0.3 0 0 0 0 0 0 0 0 0 0 0 0 0 4

0 0 0 0 0 0.3 0 0.7 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0.7 0 0.2 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0.2 0 4 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 4 0 5 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 5 0 0.8 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0.8 0 0.1 0 0 0 0 0 4 0 0

0 0 0 0 0 0 0 0 0 0 0 0.1 0 0.6 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0.6 0 2 4 3 0 0 0 0

3 0.2 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0

0 2 0 0 0 0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0

0 0 3 0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0

0 0 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.5 0 0

0 0 0 0 0 0 0 0 0 0 0 4 0 0 0 0 0 0.5 0 3.5 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3.5 0 4.5

0 0 0 0 0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 4.5 0





A ∈ R21×21

4.4(b)
a16,17 = a17,16 = 7

B ∈R21×1 C ∈R1×21

ith 1
0 {(1,8),(1,9),(2,9),

(8,15), (8,16)}

d = 7 diam = 7

4.4(b) 16 17 4.4(b)
4.4(a)

4.4
4.3

7
4.4

4.3 4.3 4.4(b)
4.4(a)
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Table 4.3 : Comparison between the sensitivity calculated for different sets of control and output nodes
of the networked system shown in Figure 4.4

4.4(a) 4.4(b)

{1,8}
{1,9}
{2,9}
{8,15}
{8,16}

n = 34

Example n = 34

A ∈ R34×34 ai j = 1 i j
0 i �= j = 1,2, . . . ,34 B ∈ R34×1

C ∈ R1×34 ith

1 0 c = 1
j j = 1,2, . . . ,34

1
1−34 g 4.5

4.5
{1,1} 1 1− 34

4.5 APPLICATION TO POWER NETWORKS

4 14

4.5.1 Modeling of Power Networks
l h> l

gp1,gp2, . . . ,gpl bp1,bp2, . . . ,bph
bp1,bp2, . . . ,bpl

bpl+1,bpl+2, . . . ,bph
n = l +h

n G := (V,E)
V := {1,2, . . . ,n} E ⊆ V×V

G A ai j ∈
R+∪{0} i j 0

G q
ND = {N1,N2, . . . ,Nq} Ni, i = 1,2, . . . ,q m≤ n

G ND
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(1,1) (1,2) (1,3) (1,4) (1,5) (1,6) (1,7) (1,8) (1,9) (1,10)(1,11)(1,12)(1,13)(1,14)(1,15)(1,16)(1,17)(1,18)(1,19)(1,20)(1,21)(1,22)(1,23)(1,24)(1,25)(1,26)(1,27)(1,28)(1,29)(1,30)(1,31)(1,32)(1,33)(1,34)

0.6

0.7

0.8

0.9

1

1.1

Pair of control and output nodes

S
e

ns
iti

vi
ty

 (
N

S
 (

|g
|)

)

 

 

Sensitivity (NS(|g|)) corresponds to a pair of control node and output node

Figure 4.5 : Sensitivity NS(g) of Freeman Organizational network of 34 nodes with respect to DC-Gain
g verses all possible combinations of the single control node 1 and all output nodes 1−34
considered in Example 4.4.

Ū := {U1,U2, . . . ,Uq} Ui := {ui1,ui2, . . . ,uim} i = 1,2, . . . ,q Ui m
Ui Ni

Eẋ(t) = Ax(t) +BcU

y(t) = Cox(t)

E ∈ Rn×n A ∈ Rn×n

Bc ∈ Rn×m Co ∈ Rr×n x ∈ Rn×1

y ∈ Rr×1 U ∈ Rm×1

(4.16)
U

Ui m = 1

Gco(s) =
Yo(s)
Uc(s)

= Co(sE−A)−1Bc = kg f
∏mz

i=0(s− zi)

∏n
i=0(s− pi)

Gco(s) c o mz n

kg f

4 14
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4.5
4.6

Example 14 n = 14
4.6

6

7

1012

13 14

8

59
11

6

7

1012

13 14

8

59
11

Figure 4.6 : Two weighted IEEE-14 bus power networked systems of n = 14 nodes have a pair of input-
output nodes with the same distance d = 4 between these pair but topology with a single
change in topology (a) The original network with 20 edges (b) One edge (shown in red
color) between nodes 12 and 13 deleted from original network in Figure 4.6(a)

14 4.6(a)
A ∈ R14×14

A =





0 0.54 0 0 0 0 0.67 0 0 0 0 0 0 0

0.54 0 0.14 0 0 0.88 1.22 0 0 0 0 0 0 0

0 0.14 0 0 0 2.55 0 0 0 0 0 0 0 0

0 0 0 0 0 3.65 0 0 0 0 1.33 2.41 0.66 0

0 0 0 0 0 0 0 3 0 0 0 0 0 0

0 0.88 2.55 3.65 0 0 4.2 0 0 0 0 0 0 0

0.67 1.22 0 0 0 4.22 0 1.77 0.55 0 0 0 0 0

0 0 0 0 3 0 1.77 0 5 0 0 0 0 0

0 0 0 0 0 0 0.55 5 0 4.1 0 0 0 2.11

0 0 0 0 0 0 0 0 4.1 0 6 0 0 0

0 0 0 1.33 0 0 0 0 0 6 0 0 0 0

0 0 0 2.41 0 0 0 0 0 0 0 0 1.99 0

0 0 0 0.66 0 0 0 0 0 0 0 1.99 0 7

0 0 0 0 0 0 0 0 2.11 0 0 0 7 0





A ∈R14×14 14
4.6(b)

a12,13 = a13,12 = 0
4.6(a)

14
B ∈R14×1 C ∈R1×14 ith 1 0
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E ∈R14×14 14
{(1,11), (1,12),(1,13),(3,5), (3,10),(3,14),(4,5),(5,11), (5,13),(8,12)}

d = 4

4.6(a) 12 13 4.6(a) 4.6(b)

4.4

4
4.6 4.4

4.4 4.6(b)
4.6(a)

Table 4.4 : Comparison between the sensitivity calculated for different sets of control and output nodes
of the IEEE-14 bus power networked system shown in Figure 4.6

4.6(a) 4.6(b)

{1,11}
{1,12}
{1,13}
{3,5}
{3,10}
{3,14}
{4,5}
{5,11}
{5,13}
{8,12}

Example 4 n = 4
4.7

Infinite

Bus

Load
Control
Node

‘c’

Output
Node

‘o’

Figure 4.7 : An IEEE-4 bus power networked system (a) An IEEE-4 bus test feeder system, and (b) Net-
work representation of the IEEE-4 bus network of n = 4 nodes, which has 4 individual driver
nodes i.e. {1,2,3,4} and the input is applied to the control node (shown in red color) and
the output is taken from the output node (shown in green color)

4 4.7
A ∈ R4×4 E ∈R4×4
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A =





0 0.733 0 0

0.733 0 0.860 0

0 0.860 0 0.801

0 0 0.801 0




, E =





0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0





B ∈ R4×1 C ∈ R1×4

ith 1 0 4
4 1 2 3 4 Bi i = 1,2, . . . ,4

ith 1 0 B1,B2, . . . ,B4
1 2 3 4

4C2 + 4
{(1,1),(1,2),(1,3),(1,4),(2,2),(2,3),(2,4),(3,3),(3,4),(4,4)}

NS(|g|) g
4.8

(1,1) (1,2) (1,3) (1,4) (2,2) (2,3) (2,4) (3,3) (3,4) (4,4)
0

0.2

0.4

0.6
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S
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Figure 4.8 : SensitivityNS(|g|) with respect to DC-Gain g verses all possible pairs of the control and out-
put nodes considered in Example 4.6
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