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Input-Output Dynamic Properties of Complex Networks
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3.2 PRELIMINARIES

3.2.1 SystemModel and Preliminaries
n G := (V,E) V :=

{1,2, . . . ,n} E ⊆ V×V
G A ai j ∈R>0∪{0}

i j 0

ẋ(t) = Ax(t) +Bcu(t)

y(t) = Cox(t)

A∈Rn×n Bc ∈Rn×1 Co ∈R1×n

cth oth

1 x ∈Rn×1 y(t) ∈R
u ∈ R

A i ∈ R
A

Definition
c

Definition
o

Definition diam = maxo∈V{d} d
c o o = 1, . . . ,n−1

diam
c o

Definition
d = n−1

c o

3.1
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Figure 3.1 : The control and output nodes have beenmarked in graph (a) Complete network with c = o,
and (b) Star network with c �= o

c o

Gco(s) =
Yo(s)
Uc(s)

= kg f
smz +bmz−1s

mz−1 + . . .+ b1s +b0
sn + an−1sn−1 + . . .+a1s +a0

(3.2)

Gco(s) = kg f
(s− z1) . . .(s− zmz)

(s− p1) . . .(s− pn)
= kg f

∏mz
i=0(s− zi)

∏n
i=0(s− pi)

= Co(sI−A)−1Bc

mz n
kg f

rrd

(3.1)

Proposition (3.1)
rrd c o

rrd = d +1

d d = dist(c,o) c o
rrd 1 2 3.1(a) 3.1(b)

Proposition mz = n− d − 1 = n− rrd
(3.1)

3.1
3.1

n n

n
n 3.1
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Table 3.1 : Pole-zero-gain transfer functions for star networksSn, complete networksKn, cycle networks
Cn and path networks Pn

Sn Sn

s
(s±
√

n−1)

(s±
√

n−2)

s(s±
√

n−1)

1
(s±
√

n−1)
1

s(s±
√

n−1)

Kn Kn

s−(n−2)
(s−(n−1))(s+1)

1
(s−(n−1))(s+1)

Cn Cn

s(s±
√

n
2)

(s±(n
2−1))(s±1)

(s±
√

n
2−1)

(s±( n
2−1))(s±1)

s
(s±(n

2−1))(s±1)
2

(s±( n
2−1))(s±1)

Pn Pn

(s±1.618)(s±0.618)

s(s±
√
�n
2�)(s±1)

(s±
√
�n
2�)

(s±
√
�n
2�)(s±1)

1
s(s±
√
�n
2�)

1
(s±
√
�n
2�)(s±1)

Sn Kn
Cn Pn

3.2

3.2
c = 4 o = 1

3.2(b) 2 5
3.2(b) 3.2(a) kg f
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Figure 3.2 : Two networks of six nodes with same distance d = 4 between control node c = 4 (in red
color) and output node o = 1 (in green color) but topology is different (a) The original net-
work with 8 edges (b) One edge (shown in red color) between node 2 and node 5 added in
original network in Figure 3.2(a)

3.2(a) kg f 24
3.2 3.2(b) kg f

94 3.2

3.2 3.2

Table 3.2 : Comparison between the parameters calculated for networks given in Figure 3.2

3.2(a) 3.2(b)

s+1
s6−s3−s−1

24s+336
s6−30s3−144s−2016

2s+1
s6−s3−2s−1

94s+336
s6−30s3−564s−2016

kg f = 1 kg f = 24 kg f = 2 kg f = 94
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3.3 INFLUENCE OF INPUT-OUTPUT DYNAMIC PROPERTIES ON CONTROL INDICES

3.3.1 Gain Factor of Networked Systems
A

Theorem c o
d (c,o)th A

(Aq)co =

�
w q≥ d

0 q< d

w c o
w = ∑pq

i=1∏
q
j=1wi j pq q wi j

jth ith q≥ 1 q ∈ N>0

Proof: c
o d q = 1 A1 = A wco

c o
1 c o q wco (c,o)th

Aq aco (c,o)th A wco
q c o

(c,o)th Aq+1 = AAq = ac1w1o + ac2w2o + . . .+ acnwno = ∑n
l=1 aclwlo aci (c, i)th

A wio (i,o)th Aq ac1w1o
q 1 o 1

c 1 q+1 c o
1 l aclwlo
c o l

c o q < d (c,o)th Aq−1

(q−1) c o (Aq)co

q = d (c,o)th (Aq)co

q c o 3.1

Corollary
c o d (c,o)th (q)

A Aq c o
q

kg f (3.3)

Theorem (3.3)
kg f (3.1)

kg f =
pq

∑
i=1

d

∏
j=1

wi j

pq d wi j j
i
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Proof: rrd

Gco(s) =
kg f smz +bmz−1s

mz−1 + . . .+b1s +b0
sn +an−1sn−1 + . . .+a1s +a0

mz = n− rrd

A Bc Co

Gco(s) = Co(sIn−A)−1Bc =
Coad j(sIn−A)Bc

det(sIn−A)

det(sIn−A) = sn +an−1sn−1+ . . .+a1s+a0 A
(3.7) (3.8)

kg f smz + bmz−1s
mz−1 + . . .+b1s +b0 = Coad j(sIn−A)Bc

ad j(sIn−A) Qi
ad j(sIn−

A) = ∑n−1
i=0 Qisi Qn− j = Aj−1 +∑ j−1

=1 Aj−1− ∈ R j = 1,2, . . . ,n =

− 1 tr(AQn− ) = 1,2, . . . , j− 1 tr(AQn− ) AQn−

kg f smz + bmz−1s
mz−1 + . . .+ b1s + b0 = ∑n−1

i=0 CoQiBcsi s
CoQiBc = 0 i>mz i = mz kg f =CoQmzBc
Qmz

kg f = CoQmzBc = CoArrd−1Bc +
rrd−1

∑
=1

CoArrd−1− Bc

d = dist(o,c) 3.1

kg f = CoAdBc +
d

∑
=1

CoAd− Bc

(3.11) CoAd− Bc (o,c)th Ad−

3.1 (o,c)th Ad− d−
c o kg f = w =∑pq

i=1∏
d
j=1 wi j pq

d wi j i j
kg f c

o 3.2

Corollary
(3.3) c o

kg f (3.1)
c o q

1
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3.3.2 DC-Gain of Peripheral Nodes
c

o (3.3)

Gco(s) = Co
ad j(sI−A)

det(sI−A)
Bc

s = 0 (3.12)

Gco(0) = Co
ad j(−A)

det(−A)
Bc = Co

(−1)n−1ad j(A)

(−1)ndet(A)
Bc

Gco(0) = g = (−1)Co
ad j(A)

det(A)
Bc

c o

Theorem d = n−1 g

g =
SOP o f weights o f paths o f length (n−1) between o & c

det(A)

Proof: Bc cth 1 Bc =
[0 . . .1 . . .0 . . .0]T Co oth 1
Co = [0 . . .0 . . .1 . . .0]T

g = (−1)Co
ad j(A)

det(A)
Bc

ad j(A)
A A

A

ad j(A) =
n−1

∑
=0

A ∑
1, 2,..., n−1

n−1
∏
l=1

(−1) l+1

l l . l!
(tr(Al)) l

n A tr(Al) Al

l ≥ N>0

+
n−1

∑
l=1

l. l = n−1

(3.17) (3.17)
(3.17)

ad j(A) = In[(−1)n tr(An−1)

(n−1)
+

�( n−1
2 )�

∑
=1; n−1− �=

(−1)n− −1 tr(An−1− ).tr(A )

(n−1− ).( )
+

∑
j=2,...,�( n−1

2 )�; n−1− =

(−1)n− j−1 (tr(A − j+2)) j

( − j +2) j. j!
] +(−A)[(n−1)th order terms]
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= 1,2, . . . ,�(n−1
2 )� In n×n tr(A) = 0

A (3.19)
n≥ 2 n = 1 ad j(A) = 1

1, 2, . . . , k, . . . , n−1, n A {A;A2; . . . ;Ak; . . . ;
An−1;An} { 1, . . . , n; 2

1 , . . . ,
2
n ; . . . ;

k
1 , . . . ,

k
n ; . . . ;

n−1
1 , . . . , n−1

n ; n
1 , . . . ,

n
n }

tr(A) = 1 + 2 + . . .+ n = 0

, . . . , , , . . . , , , . . . , , , . . . ,

tr(Ak) = k
1 + k

2 + . . .+ k
n �= 0

, . . . , , , . . . , , , . . . , , , . . . ,

tr(An) = n
1 + n

2 + . . .+ n
n �= 0

1 := tr(A), 2 := tr(A2), . . . , k := tr(Ak), . . . , n−1 := tr(An−1), and n := tr(An)

i ∈R i = 1,2, . . . ,n ad j(A) nth

A (3.19)

ad j(A) = In[(−1)n n−1
(n−1)

+
�( n−1

2 )�

∑
=1; n−1− �=

(−1)n− −1 n−1− .

(n−1− ).( )
+

∑
j=2,...,�( n−1

2 )�; n−1− =

(−1)n− j−1 ( − j+2)
j

( − j +2) j. j!
]+ (−A)[(n−1)th order terms]

= 1,2, . . . ,�(n−1
2 )�

n−1 = ∑n
i=1

n−1
i n−1− = ∑n

i=1
n−1−
i =∑n

i=1 i − j+2 = ∑n
i=1

− j+2
i (3.21) ad j(A)

ad j(A) = In[(−1)n (∑n
i=1

n−1
i )

(n−1)
+

�( n−1
2 )�

∑
=1; n−1− �=

(−1)n− −1 (∑n
i=1

n−1−
i ).(∑n

i=1 i )

(n−1− ).( )
+

∑
j=2,...,�( n−1

2 )�; n−1− =

(−1)n− j−1 (∑n
i=1

− j+2
i ) j

( − j +2) j. j!
] +(−A)[(n−1)th order terms]

= 1,2, . . . ,�(n−1
2 )�

(3.22) A 0, 1, . . . , k,
. . . , n−3, n−2, n−1

ad j(A) = 0In + 1A+ . . .+ kAk + . . .+ n−3An−3 + n−2An−2 + n−1An−1

n−1 = (−1)n−1
n−2 = (−1)n−2(∑n

i=1
1
i ) n−3 =−1(−1)n−3 (∑n

i=1
2
i )

2 . . .

k = ((−1)k(−1)n−k (∑n
i=1

n−k−1
i )

(n−k−1) ) +∑
�( n−k−1

2 )�
=1; n−k−1− �= (−1)n−k− −1 (∑n

i=1
n−k−1−
i ).(∑n

i=1 i )
(n−k−1− ).( )

+∑ j=2,...,�( n−k−1
2 )�, =1,...,�( n−k−1

2 )�; n−k−1− = (−1)n−k− j−1 (∑n
i=1

− j+2
i ) j

( − j+2) j. j! . . .

1 = (−1(−1)n−1 (∑n
i=1

n−1−1
i )

(n−1−1) ) +∑
�( n−1−1

2 )�
=1; n−1−1− �= (−1)n−1− −1 (∑n

i=1
n−1−1−
i ).(∑n

i=1 i )
(n−1−1− ).( )

+∑ j=2,...,�( n−1−1
2 )�, =1,...,�( n−1−1

2 )�; n−1−1− = (−1)n−1− j−1 (∑n
i=1

− j+2
i ) j

( − j+2) j. j!

37



0 = (−1)n (∑n
i=1

n−1
i )

(n−1) +∑
�( n−1

2 )�
=1; n−1− �= (−1)n− −1 (∑n

i=1
n−1−
i ).(∑n

i=1 i )
(n−1− ).( )

+∑ j=2,...,�( n−1
2 )�, =1,...,�( n−1

2 )�; n−1− = (−1)n− j−1 (∑n
i=1

− j+2
i ) j

( − j+2) j. j!

0, 1, . . . , k, . . . , n−3, n−2, n−1 (3.16) (3.23)

g = (−1)Co
0In + 1A+ . . .+ kAk + . . .+ n−1An−1

det(A)
Bc

(3.24)

g =
−1

det(A)
(CoInBc 0 +CoABc 1 + . . .+CoAkBc k + . . .+CoAn−2Bc n−2 +CoAn−1Bc n−1)

(3.25)

g =
−1

det(A)
[CoInBc CoABc . . .CoAkBc . . .CoAn−2Bc CoAn−1Bc] [ 0 1 . . . k . . . n−2 n−1]

T

(3.26) g

g =
−1

det(A)
Co[InBc ABc . . .AkBc . . .An−2Bc An−1Bc][ 0 1 . . . k . . . n−2 n−1]

T

CM = [InBc ABc . . .AkBc . . .An−2Bc An−1Bc]
(3.27)

g =
−1

det(A)
Co

n−1

∑
q=0

AqBc q

g A
3.1 q< d (o,c)th Aq q≥ d (o,c)th Aq

d = n−1 c
o (o,c)th Ad (n−1)

d = n−1 (3.28)

g =
−1

det(A)
CoAn−1Bc n−1

n−1 (3.23) g

g =
SOP o f weights o f paths o f length (n−1) between o & c

det(A)

g c o
3.3
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Remark d = n−1 diam =

n−1 g g = CoAdiamBc
det(A)

q (3.28)

Definition
q tr(Aq)

2.5

q cwq
A

cwq := tr(Aq) =
n

∑
i=1

Aq
ii =

n

∑
i=1

q
i

q = 1,2, . . . ,n−1

q

cw1 := tr(A1) = ∑n
i=1 A1

ii =∑n
i=1

1
i = 1

cw2 := tr(A2) = ∑n
i=1 A2

ii = ∑n
i=1

2
i = 2

cw3 := tr(A3) = ∑n
i=1 A3

ii = ∑n
i=1

3
i = 3

cwk := tr(Ak) = ∑n
i=1 Ak

ii = ∑n
i=1

k
i = k

cwn−2 := tr(An−2) = ∑n
i=1 An−2

ii = ∑n
i=1

n−2
i =

(n−2)
cwn−1 := tr(An−1) = ∑n

i=1 An−1
ii = ∑n

i=1
n−1
i =

(n−1)

(3.23) (3.31) 3.5 0, 1, . . . , k, . . . , n−3,

n−2, n−1 n−1 = (−1)n−1
n−2 = (−1)n−2(cw1) n−3 =

−1(−1)n−3 (cw2)
2 . . . k = ((−1)k(−1)n−k (cwn−k−1)

(n−k−1) ) +∑
�( n−k−1

2 )�
=1; n−k−1− �= (−1)n−k− −1 (cwn−k−1− ).(cw )

(n−k−1− ).( ) +

∑ j=2,...,�( n−k−1
2 )�, =1,...,�( n−k−1

2 )�; n−k−1− = (−1)n−k− j−1 (cw − j+2)
j

( − j+2) j. j! . . .

1 = (−1(−1)n−1 (cwn−2)
(n−2) ) +∑

�( n−1−1
2 )�

=1; n−1−1− �= (−1)n−1− −1 (cwn−2− ).(cw )
(n−2− ).( )

+∑ j=2,...,�( n−1−1
2 )�, =1,...,�( n−1−1

2 )�; n−1−1− = (−1)n−1− j−1 (cw − j+2)
j

( − j+2) j. j! 0 = (−1)n (cwn−1)
(n−1) +

∑
�( n−1

2 )�
=1; n−1− �= (−1)n− −1 (cwn−1− ).(cw )

(n−1− ).( ) +∑ j=2,...,�( n−1
2 )�, =1,...,�( n−1

2 )�; n−1− = (−1)n− j−1 (cw − j+2)
j

( − j+2) j. j!

q q = 1,2, . . . ,n−1

Corollary d
c o d = n− 1 g

(3.1) c o (n−1)

det(A) An−1

det(A)
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3.3.3 Network Zeros Based on Graph-Theoretic Approach

Definition N(s) D(s) gcd(N(s),D(s)) = 1 gcd

Definition D(s) s D(s)

Theorem N(s) D(s) (3.3) D(s)
(3.1) (3.1)

Sum o f product o f weights o f paths o f length (n−1) �=
n−1

∑
=1

t
CoAn−( +1)Bc

t ∈ R = 1,2, . . . ,n−1

Proof: N(s) (3.3)
N(s) = Coad j(sIn−A)Bc ad j(sIn−A) = ∑n−1

i=0 Qisi

Qn−rrd = Arrd−1 +∑rrd−1
=1 Arrd−1− Qmz = Ad +∑d

=1 Ad− mz
rrd d c
o n

= − 1 tr(AQn− ) = 1,2, . . . ,rrd − 1 tr(AQn− ) AQn−

N(s) = kg f smz +bmz−1s
mz−1+ . . .+b1s+b0 =

CoQ0Bc +CoQ1Bcs+ . . .+CoQmzBcsmz = Co∑mz
i=0 QisiBc mz = n− rrd = n−1−d Q0

Q0 = An−1+∑n−1
=1 An−1− Q0 = Ad+mz +∑d+mz

=1 Ad+mz− =− 1 tr(AQd+mz+1− )

= 1,2, . . . ,d + mz tr(AQd+mz+1− ) AQd+mz+1−
d +mz d

mz

1 := An−1

2 :=−An−2tr( 1

An−2 )

3 :=−
1
2

An−3tr( 1 + 2

An−3 )

i :=−
1

i−1
An−itr(

1 + 2 + . . .+ i−1
An−i )

n−1 :=−
1

n−2
A1tr( 1 + 2 + . . .+ i + . . .+ n−2

A1 )

n :=−
1

n−1
A0tr( 1 + 2 + . . .+ i + . . .+ n−1

A0 )In×n

In×n n×n tr(.)
A
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Q0 = An−1−An−2tr( 1

An−2 )− 1
2

An−3tr(
1 + 2

An−3 )− . . .− 1
i−1

An−itr( 1 + 2 + . . .+ i−1
An−i )− . . .

− 1
n−2

A1tr(
1 + 2 + . . .+ i + . . .+ n−2

A1 )− 1
n−1

A0tr(
1 + 2 + . . .+ i + . . .+ n−1

A0 )In×n

Q0

Q0 = An−1− [
n−1
∑
=1

1
An−( +1)tr(

∑ j=1 j

An−( +1)
)]In×n

(3.35) b0 b0 = CoQ0Bc (3.35)

b0 = Co(An−1− [
n−1
∑
=1

1
An−( +1)tr(

∑ j=1 j

An−( +1)
)]In×n)Bc

tr(
∑ j=1 j

An−( +1) ) t = tr(
∑ j=1 j

An−( +1) ) t ∈ R =
1,2, . . . ,n−1

(3.36)

b0 = Co(An−1− [
n−1
∑
=1

t
An−( +1)]In×n)Bc

(3.37)

b0 = CoAn−1Bc−
n−1

∑
=1

t
CoAn−( +1)Bc

b0 (3.38)

Sum o f product o f weights o f paths o f length (n−1) �=
n−1

∑
=1

t
CoAn−( +1)Bc

b0
(3.1) 3.4

Lemma b0 ∑n
i= j=1 j i �= 0 b0 = 0 j

jth oth CM
i ith = [− tn−1

n−1 − tn−2
n−2 . . .−

ti
i−1 . . .−

t2
2 − t1

1 1]T

i = j = 1,2, . . . ,n ∈ Rn×1

Proof: (3.38) b0

b0 = Co[An−1Bc−
t1
1

An−2Bc−
t2
2

An−3Bc− . . .−
ti

i−1
An−iBc− . . .−

tn−2
n−2

A1Bc−
tn−1
n−1

A0Bc]
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(3.40)

b0 = Co[A0Bc A1Bc . . .An−iBc . . .An−3Bc An−2Bc An−1Bc]

[− tn−1
n−1

− tn−2
n−2

. . .− ti
i−1

. . .− t2
2
− t1

1
1]T

CM

CM = [Bc A1Bc . . .An−iBc . . .An−3Bc An−2Bc An−1Bc] and

= [− tn−1
n−1

− tn−2
n−2

. . .− ti
i−1

. . .− t2
2
− t1

1
1]T

(3.42) b0 jth oth

CM ith i = j = 1,2, . . . ,n oth

CM = [CMo1 CMo2 . . .CMoi . . .CMo(n−1) CMon] CMo j jth

oth CM j jth i ith

b0 �= 0 N(s)
CM b0

∑n
i= j=1 j i �= 0 b0 = 0 3.1

Corollary (3.1) b0 �= 0
(o,c)th Q0 �= 0 d
c o mz

3.4
3.1 3.1

d c o d ↑
mz mz ↓ rrd

rrd = d +1 ↑

c o

Theorem N(s) D(s) (3.3) D(s)
(3.1)

c o c = o

1 ≤ 1 ≤ 2 ≤ 2 ≤ . . .≤ n−2 ≤ n−1 ≤ n−1 ≤ n

i det(sIn−A) = 0 i = 1,2, . . . ,n
j Coad j(sI−A)Bc = 0

Proof: c o c = o d
mz = n−1

(3.3) N(s) = Coad j(sIn−A)Bc (c,o)th (sIn−A)
det((sIn−A)(c,o)) = 0

A(c,o) A(c,o) (c,o)th A N(s) D(s)
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A(c,o) 1 ≤ 2 ≤ . . .≤ n−2 ≤ n−1
8.1.7 103−104
(3.43) (3.43)

3.5

3.4 NUMERICAL EXAMPLES
3.1 3.2

3.1
3.2

Example
3.3

2

3

4

1 5
0.4

0.5 0.1

0.3

0.20.6

Figure 3.3 : A weighted directed networked system of five nodes with c �= o

A =





0 0.6 0 0 0.3

0 0 0.2 0 0

0 0 0 0.1 0

0.5 0 0 0 0

0 0 0.4 0 0





, B2 =





0

1

0

0

0





, B5 =





0

0

0

0

1





, C2 =





0

1

0

0

0





T

, C5 =





0

0

0

0

1





T

{2,5} {5,2}
d = 4 Ad = A4

A4 =





0.012 0 0 0 0

0 0.006 0 0 0.012

0 0 0.012 0 0

0 0 0 0.012 0

0 0.003 0 0 0.006





{c = 2,o = 5} d = 4
(5,2)th A4
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c = 2 o = 5 4 (3.44) (5,2)th

A4 0.003
c = 2 o = 5 4 3.3

{c = 5,o = 2} d = 4 (2,5)th A4

c = 5 o = 2 4
(3.44) (2,5)th A4 0.012

c = 5 o = 2 4
3.3 kg f

kg f 0.003 0.012

Example

A =





0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

1 0 0 0 0





, B1 =





1

0

0

0

0





, C5 =
�
0 0 0 0 1

�

1 5 d = 4
d = diam = 4 A

det(A) = 1 g (3.14)

g =−Coad j(A)Bc

c �= o ad j(A) (3.23) ad j(A)

ad j(A) = 0In + 1A+ 2A2 + 3A3 + 4A4

0 =− 1
4 tr(A4)+ 1

4.2!(tr(A
2))2 = 0 1 =− 1

3 tr(A3) = 0 2 =− 1
2 tr(A2) = 0 3 =−tr(A) = 0

4 = 1 0, 1, 2, 3, and 4 (3.46) ad j(A)

ad j(A) = A4

A (3.47) ad j(A)

ad j(A) =





0 0 0 0 1

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0





g (3.45)

g =−Coad j(A)Bc =−Co





0 0 0 0 1

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0





Bc
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c �= o

c = 1 o = 5 d = 4
3.2 g (3.48)

Bc=1 Co=5 |g1→5|= 0
|g1→5| (5,1)th Ad

det(A) = A4

1 = 0
3.3.2

3.5 SUMMARY
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